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1 Introduction 

The matrix Riemann-Hilbert problems (or inverse monodromy problems) naturally arise in the context 
of systems of linear differential equations with meromorphic coefficients (we consider here the simplest 
Fuchsian case, when all the poles of the coefficients in the right-hand side are simple): 

- = f^<J> (11) 

where Aj are n x n matrices independent of A; $(A) is n x n solution matrix. The solution <I> is 
single- valued on the univesal cover of the Riemann sphere with punctures at Ai, . . . , Ajv and oo. If 
one starts at a point Aq on some sheet of the universal cover, and analytically continues $ along an 
element 7 of the fundamental group of the punctured sphere, one gets a new solution, of the same 
system; therefore, is related to <I> by a right multiplier, M^, which is called the monodromy matrix: 

= ^>M^. The monodromy matrix corresponding to the product 7172 is given by M^^^j = M^^M^^^; 
therefore, in this way one gets the group anti-homomorphism of the fundamental group of Riemann 
sphere with A^-|-l punctures to GL{n). The image of this anti-homomorphism is called the monodromy 
group of the system (jl.ip . The Riemann-Hilbert (or inverse monodromy) problem is the problem of 
finding the matrix- valued function <I> (and, therefore, also the coefficients Aj) knowing the positions 
of singularities Aj and the corresponding monodromy matrices. 

It is natural to deform the whole picture by changing infinitesimally the positions of singularities 
Aj in such a way that the monodromy matrices remain unchanged. Such a deformation (called isomon- 
odromic deformation) implies a set of non-linear differential equations for matrices Aj as functions of 
{Afc}; these equations are called the Schlesinger equations. 

Therefore, the solution of the non-linear Schlesinger equations reduces to solution of a the complex- 
analytic inverse monodromy problem. Typically, one starts with a set of monodromy matrices, finds 
a solution <1> of the corresponding Riemann-Hilbert problem, and, finally, gets a solution {Aj} of the 
Schlesinger system. In particular, a class of Riemann-Hilbert problems whose monodromy groups are 
subgroups of the torus normalizer was solved in [29] ; this allowed to find a class of solutions of the 
Schlesinger system associated to the Hurwitz spaces. Another class of solutions of the Schlesinger 
system related to the Hurwitz spaces was discussed in [TO] . 

The Riemann-Hilbert problems of some special type and the corresponding Schlesinger system 
play an important role in the theory of Frobenius manifolds [121 [T3 ] . In this context the corresponding 
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monodromy groups provide a way of classification of Frobenius manifolds; corresponding Schlesinger 
systems are equivalent to equations for rotation coefficients of the Darboux-Egoroff metric correspond- 
ing to the Frobenius manifold. 

To each Frobenius manifold one can naturally associate two systems of linear differential equations: 
a Fuchsian system and a non-Fuchsian one. In the case of the non-Fuchsian system the coefficients have 
both first and second order poles. These two systems are related by a formal Laplace transform. For the 
class of Frobenius manifolds associated to the Hurwitz spaces (Hurwitz Frobenius manifolds), the non- 
Fuchsian systems were recently solved in [38] (although many essential elements of this construction 
were already given by Dubrovin in [121 113j ): the corresponding Stokes and monodromy matrices were 
also computed in |38j . In principle, one can apply the formal Laplace transform to the solution from 
[38] and get solutions to the corresponding Fuchsian systems, however, this does not give a satisfactory 
final result due to a non-trivial superposition of various Laplace transforms. 

The goal of this paper is to present a different approach (not involving the Laplace transform of 
solutions to the dual problem) to constructing solutions to the Fuchsian Riemann-Hilbert problems 
corresponding to the Hurwitz Frobenius manifolds and study the monodromy group. 

The coefficients of the system of Fuchsian linear ODE's with meromorphic coefficients correspond- 
ing to a given Frobenius manifold are written in terms of rotation coefficients Tij of the Darboux- 
Egoroff metric on the manifold. In the context of Frobenius manifolds the number of singularities 

in (jl.ip is the dimension of the Frobenius manifold; {Aj}^]^ are the canonical coordinates on the 
Frobenius manifold. In the case under consideration, the number of singularities Xj coincides with the 
matrix dimension of the system (jl.ip . 

The residues Aj are given by 

Aj = -Ej{V + qI), (1.2) 

where Ej = diag(0, . . . , 1, . . . , 0) is the diagonal N x N matrix with 1 on jth place; g E C is an 
arbitrary constant. The matrix V is defined as follows: 

V:=[T,U], (1.3) 

where T is the matrix of rotation coefficients: (r)^^ := Fj^ if j ^ k and := 0; U := diag(Ai, . . . , Ajv) 
Thus each matrix Aj in (jl.ip has only one non-trivial row (the jth row). 

Dubrovin in [121 [T3] studies the linear system with q = 1/2. In this paper we focus on the case 
q = —1/2; the relationship between systems (jl.ip . (jl.2p with the values of q different by an integer is 
discussed in Remark [1] below. 

In the context of the Fuchsian system (jl.ip . (jl.2p . (jl.3p the solution of the Schlesinger system 
is given by the rotation coefficients, which were found earlier in [12j [26] . Moreover, in [27] the 
corresponding Jimbo-Miwa isomonodromic tau-function was explicitly computed. This tau-function 
turned out to be an object of fundamental importance: it appears in various contexts from the large 
N limit of of Hermitian matrix models to the determinants of Laplacians on Riemann surfaces [30] 
and geometry of Hurwitz spaces [31j. 

However, a solution to the corresponding Fuchsian Riemann-Hilbert problem (which coincides with 
the solution of the Fuchsian system (jl.lll ) was missing so far. It is this gap which we fill in this paper: 
we solve this Fuchsian system, compute the monodromy matrices and describe the corresponding 
monodromy group. Thus, the logic of this paper is different from the logic of the paper [29], where the 
Riemann-Hilbert problem was solved first, and the solution of the corresponding Schlesinger system 
was found as a corollary. 



3 



We also discuss the transformation of the solution $ under the action of the braid group on the set 
of singularities Xj, by introducing the notion of the braid monodromy group. In particular, we discuss 
the action of the braid group on the set of monodromy matrices of the system following the ideas 
of the work by Dubrovin and Mazzocco |15j where such an action was considered in the context of 
algebraic solutions of the P-VI equation. 

Let us now describe the settings and our results in more details. 

The Hurwitz space Ti.g^d{ki, . . . , km) is the space of equivalence classes of pairs X := (£, /), where C 
is a compact Riemann surface of genus g, and / is a meromorphic function of degree d on £ with simple 
critical points and m poles of multiplicities ki, . . . ,km {ki + - • • + km = d); two pairs Xi := /i) and 
X2 := (£2, 72) are equivalent if there exists a biholomorphic map h : Ci ^ C2, such that fi = f2° h. 
Using the function / we can realize the Riemann surface £ as a d-sheeted branched covering of the 
Riemann sphere; the branch points of this covering are given by the critical values of the function /. 
Therefore, the Hurwitz space can be viewed as a space of branched covering of the Riemann sphere 
with the fixed number of sheets and the fixed branching structure. 

The Probenius structures can be defined on each space Hg^d{ki, ■ ■ ■ , km)- The branch points, which 
we denote by Ai,...,Ajv (the corresponding ramification points on C are the critical points of the 
function /; they are denoted by Pi, . . . , P^, i.e., we have Aj = f{Pi)), can be used as local coordinates 
on the Hurwitz space; they also play the role of canonical coordinates on the corresponding Frobenius 
manifold. 

The main tool in our construction is the canonical meromorphic bidifferential W{P,Q) on the 
Riemann surface C. To define this bidifferential we have to choose some weak marking of the Riemann 
surface £, i.e., a canonical basis (a^jba) (a = 1, . . . , g) of the homologies Hi{C) with coefficients in 
Z. 

The bidifferential W is symmetric, has a quadratic pole on the diagonal P = Q with biresidue 1 
and is normalised by the condition of vanishing of all periods along cycles with respect to both 
P and Q. Therefore, in fact, W depends only on the choice of a Lagrangian subspace (the a-cycles) 
in Hi{C). Therefore it is natural to introduce the space TLg^J{ki, . . . , km) which is the space of pairs 
(A', {a}), where X = (£, /) G Ti-g^diki, ■ ■ ■ , km) and {a} is a Lagrangian subspace of Hi{C). 

The rotation coefficients (the matrix F in (I1.3P ) of the Frobenius structures on the Hurwitz spaces 
are written in terms of the bidifferential W |26j : 

r..4^np,-.n):4,^^m^__. (1.4) 



2dxj{P) dxk{Q) 



P=Pj,Q=Pk 



Here Xj{P) in a local parameter on C near the branch point Pj defined by the equations 2xjdxj = df 
and Xj{Pj) = 0. These two conditions imply that Xj{P) := ±-\//(P) — Aj; these local parameters near 
the ramification points Pj are called distinguished. Different choices of the signs of Xj{P) in (jl.4p lead 
to different sets of rotation coefficients. If one considers F^^, the freedom of choosing different signs 
diappears and one can write the following invariant expression: 

F^.fc - 2Res|p^p^. Reslg^p^ \df{P)df{Q)] 

For a given covering (>C, /) and a Lagrangian subspace {a} we therefore get 2^ different sets of rotation 
coefficients. Each set gives rise to a family of N Frobenius manifolds of dimension N . 

To construct a solution of the Fuchsian linear system (jl.ip we introduce, for any A G C, the relative 
homology group Hi{C \ f~^{oo) , /^^(A)) with coefficients in Z. This is the homology group of the 
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Riemann surface £ punctured at the poles of the function / relative to the set of points (the number 
of these points equals d unless A coincides with a branch point or oo) on C where the value of / equals 
A. The dimension of this relative homology space equals N = 2g + d + m — 2, where m is the number 
of poles of the function /, i.e., the number of points in the set f^^{oo). 

Our first main result is that for any contour s S Hi{C\ f~^{oo) , /^^(A)) the vector function with 
the components 

$f (A) := A / W{P,P,) - [ f{P)W{P,P,) , (1.5) 
where j = 1, . . . , A^, satisfies the hnear system (ll.ll) - (11.3l) with q = —1/2. In (|1.5p 



and the signs of the distinguished local parameters Xj{Q) := \/ fiQ) — Aj in (jl.6p have to be chosen 
in the same way as in (II. 4p . The square, W'^{P, Pj), is defined by the formula 



W^{P,Pj) = 2 Res I 



W^{P,Q) 
dfiQ) 



Our second main result is that choosing s to run through a basis in Hi{C \ /~^(oo) , /~^(A)), we 
get the complete set of 2(7 + d + m — 2 independent solutions to the proof of this independence 

is a tedious exercise involving analysis of the behaviour of the bidifferential W{P, Q) at the boundary 
of the Hurwitz space. 

Let us choose a neighbourhood D of a point Aq G C which contains no branch points A^. 

A set of basis contours in Hi{C\f~^{oo) , f~^{X)) can be chosen as follows: a canonical basis of 2g 
cycles on C (this canonical basis does not necessarily coincide with the set of cycles on C which enter 
the definition of the bidifferential W); small contours around m — 1 points which can be arbitrarily 
chosen from the set /~^(oo) consisting of m points. The remaining d — 1 contours can be taken to 
connect pairwise the d points from /~^(A); for the linear independence of these contours one has to 
require connectedness of the graph whose edges are given by these contours and the vertices are the 
d points from /~^(A). The bases of cycles in the spaces Hi{C \ f^^{oo) , /~^(A)) for any two values 
of A € -D can be smoothly deformed one into another on the Riemann surface C. In this way we get 
a non-degenerate matrix- valued function ^{X) solving (jl.ip . which is analytic for X £ D. 

The function <I> = <I>({Aj}; A) depends on (i) the choice of a Lagrangian subspace in Hi{C) generated 
by the o-cycles (which enters the definition of the canonical bidifferential W) ; (ii) the choice of a basis 
si, . . . ,SAr of the relative homologies Hi{C \ /~^(oo) , /"-^(Aq)), where Aq £ C \ {A^} is some base 
point, and (iii) the choice of the signs of the distinguished local parameters Xj near the ramification 
points. 

If one preserves the integration contours si, . . . , sjv, but changes the Lagrangian subspace {a} used 
for normalization of W, the new function $ turns out to be related to the old one by a Schlesinger 
transformation (multiplication of <I> from the left by a rational function of A of a special form), which 
we find explicitly. Therefore, a change of normalization of W does not influence the monodromy 
matrices of the function $ (i.e. the new and the old functions have the same set of monodromies 
although they satisfy the linear system (jl.ip with different coefficients). 

If, on the other hand, we preserve the normalization of W but change the set of the integration 
contours si, . . . , s^r, the new function $ can be obtained from the old one by multiplication from the 
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right with some constant matrix: this corresponds to a hnear transformation in the space of solutions 

of the hnear system (jl.ip . 

Finahy, if one changes the sign of some of distinguished local parameters with 
= 1, the new function <I> differs from the old one by multiplication from the left by the matrix 

diag(ei, . . . ,eAr). 

Let us define the following covering TCg^diki, • • • , km) of the Hurwitz space. An element of the space 
'Hg,d{ki, ■■■ , km) is a quadruple (£, /, {a}, {ej}) i.e. the covering X = (£, /) G Hg^diki, ■■■ , km) with 
the chosen Lanrangian subspace {a} in the homology space of C and the choice of signs of distinguished 
local parameters at the critical points of function /. 

Any solution vector of the Fuchsian system (jl.ip is a section of a vector bundle on the punctured 
sphere C\{Ai, . . . , Xn}- On the other hand, for fixed A, the same solution vector is a section of a vector 
bundle over the space TLg^diki, . . . , km)- Each of these vector bundles corresponds to a monodromy 
group. Let us discuss these two monodromy groups in more detail. 

• A solution to the system (jl.ip is non-singlevalued in the complex plane. Upon analytical 
continuation with respect to A G C along the generators of the fundamental group 7ri(C \ 
{Ai, . . . , Atv, oo}), the function $ is multiplied from the right by monodromy matrices M^, 
A; = 1, . . . , A^, oo. 

Since the only non-linear dependence on A of our solution comes from the A-dependence of the 
contours of integration, the monodromy matrices describe the transformation of a chosen basis 
in Hi{C\f~^{oo) , /~^(A)) under the natural action of an element of 7ri(C\{Ai, . . . , Xn, oo}, A). 
Therefore all entries of the monodromy matrices are integer numbers. 

If a basis in Hi{C \ f~^{oo) , /^^(A)) is chosen as described above, the monodromy matrices 
possess the following structure: 

where are square {d — 1) x (d — 1) matrices; they generate a subgroup of GL{d — 1,Z) 
given by the image in GL{d — 1,Z) of the monodromy group of the covering C under a group 
homomorphism. The unit matrices in the upper diagonal block are of the size {2g + m — 1) x 
{2g + 171 — 1); the matrices of the size {2g + m — 1) x (d — 1) depend on the choice of a basis 
in Hi{C \ f^^{oo)). However, the change of a basis in Hi{C \ f^^{oo)) results in a simultaneous 
conjugation of all monodromy matrices by the same matrix; thus the monodromy group is 
in fact independent of the choice of the basis in Hi{C \ f~^{oo)). 

The monodromy group formed by the matrices (II. 7p can be described as a semidirect product 
of the free group z(2g+d-i)x((i-i) symmetric group S^, the monodromy group of the 

covering. This group coincides with the Weyl group of the algebra of formal power series in 
2g + d — 1 variables with coefficients in A^-i- 

A Schlesinger system corresponding to a block-diagonal structure of monodromy matrices as 
in (|1.7p . was called reducible in [15j; this means that its solution can be expressed in terms of 
solutions of two Schlesinger systems of lower dimension { {d — 1) x (d — 1) and {2g + m — 1) x 
{2g + m — 1) in our case). 

• The second type of monodromy transformation is the transformation of the solution (jl.Sp under 
analytical continuation with respect to the arguments A^ along the generators of the fundamental 
group of the covering Ti-g^d of the Hurwitz space TCg^d- This fundamental group is a subgroup 
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of the plane braid group on N strands acting on the set of local coordinates {A^}^^ on the 
Hurwitz space. Such an analytical continuation also results in the multiplication of the solution 
$ from the right by some monodromy matrices with integer entries. We called the arising group 
of transformations the braid monodromy group of the solution to the Fuchsian system. 

We notice that the action of the braid group on solutions to the Schlesinger system was used to 
classify the algebraic solutions of the Painleve-IV equation in . In the context of Knizhnik- 
Zamolodchikov equations (which can be considered as a special case of equations of isomon- 
odromic deformations [361 I22j). the braid monodromies were studies starting from Drinfeld's 
paper [IT]; these monodromies play a fundamental role in the theory of quantum groups [23j . 
The action of the braid group on the coverings with symmetry was recently studied in |32j . 

The central object associated to any Riemann-Hilbert problem and the corresponding equations of 
isomonodromic deformations (the Schlesinger system) is the isomonodromic Jimbo-Miwa tau-function, 
a function of {A^}. The divisor of zeros of the tau-function consists of whose configurations of poles 
{Afc} where the Riemann-Hilbert problem loses its solvability (see [7]). In the context of the Frobenius 
manifold structures on Hurwitz spaces, the tau-function determines the G- function of the Frobenius 
manifold, which is the genus one free energy of the corresponding topological field theory. The isomon- 
odromic tau-function associated to the solutions (|1.2p . (jl.3p . ()1.4p of the Schlesinger system coincides 
with the so-called Bergman tau-function on the Hurwitz space [28]. The Bergman tau-function plays 
a key role in the computation of the determinant of the Laplacian in flat metrics on Riemann surfaces 
[30] and of the genus one free energy in the Hermitian two- matrix models [H]. In |31j it was con- 
structed a line bundle on compactified Hurwitz spaces (spaces of admissible covers proposed by Harris 
and Mumford) whose holomorphic section is given by the Bergman tau-function; this line bundle is 
closely related to the Hodge line bundle on the moduli space of Riemann surfaces. 

The paper is organized as follows. Section [2] contains a few basic facts about the Fuchsian and 
non-Fuchsian Riemann-Hilbert problems appearing in the theory of Frobenius manifolds. In Section 
[3] we construct a solution to the Fuchsian system and discuss its dependence on the choice of nor- 
malization for the main building block of the solution, the bidifferential W. In Section H] we describe 
the monodromy group of the solution. In Section [5] we discuss the braid group action on the con- 
structed solution, i.e., the behaviour of the solution under the analytical continuation along nontrivial 
loops in the Hurwitz space; we compute the generators of the braid monodromy group for the case of 
Hurwitz space of two-fold genus one coverings. Technical details of the computation of monodromy 
matrices and of the proof of the non-degeneracy of our solution are given in the Appendices El and [B| 
respectively. 

2 The Fuchsian Riemann-Hilbert problem in Frobenius manifolds 
theory 

For the reader's convenience and to set up the notations we shall review here the connections between 
solutions to systems of linear differential equations with meromorphic coefficients, matrix Riemann- 
Hilbert (inverse monodromy) problems, and Frobenius manifolds. 

Consider a matrix linear differential equation (jl.ip : depending on the context we shall understand 
$ as either a vector solution to this equation, or a square N x N matrix of linearly independent vector 
solutions to this equation. Generically, a solution to equation (jl.ip has non-trivial monodromy under 
the analytical continuation around singularities {Aj} and around the point A = oo. Let us choose a set 
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of generators 71, ... , 7jv, 7oo of the fundamental group of the punctured sphere CP"*^ \ {Ai, . . . , Ajv, 00} 
such that each generator 7^ encloses only the point Xj, the generator 700 goes around the point at 
infinity, and the following relation is fulfilled: 

71 • • • 7iv7oo = • (2.1) 

Suppose that the solution <I>, being analytically continued along jj, gains the right multiplier Mj 
(which is called the monodromy matrix). Being analytically continued along 700, the solution $ gains 
the right multiplier Mao ■ As a corollary of relation (j2.ip the monodromy matrices satisfy the relation 



M^Mn ...Mi = I, (2.2) 

i.e., they give an anti-representation of the fundamental group. 

At the poles \j of the coefficients of the system (II. ip . the function $ has regular singularities (i.e., 
$(A) grows at these points not faster than some power of A — Aj). If the matrices Aj are diagonalizable 
(this is the only case considered in this paper), the behaviour of <I> in a neighbourhood of A^ looks as 
follows: 

$(A) = G(A)(A - XjY^Cj , (2.3) 

where Tj is a diagonal matrix, G{\) = Gj + 0(A — Aj) is a function holomorphic in a neighbourhood of 
\j. If some matrix Aj is non-diagonalizable, the asymptotics of <I> near Aj contains logarithmic terms. 
The monodromy matrices can be expressed in terms of Cj and Tj as follows: 

Mj = C-^e^'''^^Cj . (2.4) 

The Riemann-Hilbert (or inverse monodromy) problem is the problem of reconstructing the func- 
tion $ knowing its monodromy matrices {Mj} and the positions of singularities {Aj}. Obviously, 
a solution to the Riemann-Hilbert problem is not unique: multiplying such a solution from the left 
with an arbitrary matrix- valued rational function of A, we again get a solution to the same Riemann- 
Hilbert problem. On the other hand, assuming that $ has at {Aj} regular singularities of the form 
(|2.3p with the given {Tj, Cj}, and has no other singularities (including zeros of det<I>), the solution of 
the Riemann-Hilbert problem is unique. 

Let us now impose the isomonodromy condition, i.e., the condition of independence of the mon- 
odromy data {Tj, Cj} of the positions of singularities {Aj}. The isomonodromy condition implies a 
system of differential equations, called the Schlesinger equations, for the residues Aj as functions of 
{Aj}. The Schlesinger equations of a special type together with the corresponding Riemann-Hilbert 
problem play a significant role in the theory of Frobenius manifolds. 

We shall now briefiy outline the way the equations of the type (II. ip appear in the Frobenius 
manifold theory. We skip the complete description of the notion of a Frobenius manifold and associated 
objects, referring the reader to [121 I13j . We recall only that to each Frobenius manifold one can 
associate a Darboux-Egoroff (i.e., diagonal fiat potential) metric. The poles Aj, j = 1,. . . ,N, of the 
coefficients in (II. ip coincide with the canonical coordinates on the Frobenius manifold. The following 
two differential operators are also associated to a Frobenius manifold structure: e = Y^'j=i gf-j called 

the unit vector field, and E = ^j-^, called the Euler vector field. 

For the Darboux-Egoroff metrics appearing in the theory of Frobenius manifolds the rotation 
coefficients Fjj satisfy the following system of equations: 

dVi ■ 

TTT— = ^ik^jk, (2.5) 

dXk 
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where all i,j,k are distinct, and 

eiTij) = , E(r,,) = -r^ . (2.6) 

The non- linear system (12.50 , ()2.6p is the compatibility condition for the following system of linear 
differential equations [12l [13] : 

where $ is an x matrix- valued function of A and {Aj}; g G C is an arbitrary constant; matrices 
V, r and Ej are defined after (|1.1|) . 

The system (j2.8p provides the isomonodromy condition for the Fuchsian system (|2.7p . 

In this way, a family ()2.7p , (12. 8p of isomonodromic linear systems and the corresponding Riemann- 
Hilbert problems are associated to any semisimple Frobenius manifold. 

The Fuchsian linear system introduced in the original papers [12^ [T3] corresponds to the value 
q = 1/2. In this paper, we shall study the case q = —1/2; below (see Remark [TJ we discuss the 
relationship between linear systems (12. 7p . (j2.8p with the values of q which differ by an integer. 

In the sequel we shall use the following convenient alternative formulation of the linear system 
(IIZD, (|2B. 

Proposition 1 A vector $ := (ipi, . . . , (Pn)'^ satisfies the linear system {2.7), ^2.^) if and only if the 
following equations are fulfilled 

\^+B{p,,) = -q<fj (2.9) 



dX 

+ e{^j) = (2.10) 



dX 

^ = rjk^k , j^k. (2.11) 

OXk 

Proof. Equation (12. 7p for the vector {ipi, . . . , ^nY" reads in the components: 
Similarly, equation (j2.8p for the vector (c^i, . . . , (/9jv)"^ is equivalent to 



dx- 



'^jk^k, 3 / k, (2.13) 



k 

N \ ^ 

'iVj ~^ X/ ^kj{Xk - Xj)ipk \ - ^ ^kjVk- 
k=l,k^j J k=l,k^j 



dXj X — Xj 
The latter equation rewrites due to (|2.12p as 

difj _ difj ^ 



k=l,k^j 
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which, by virtue of (|2.13|) . coincides with (j2.1Up . 

We thus need to show the equivalence of equations (|2.9p and (j2.12p provided (j2.10p and (j2.1ip 
hold. Using (|2.1ip . we rewrite (|2.12p as follows: 



dipj 1 



N 



Adding and subtracting Xjdx^ipj in the right hand side and using the unit and Euler vector fields, we 
obtain 

(A - A,)^ = -qifj - E((^,) + A,e(v9,). (2.14) 
Plugging equation ()2.10p into the above relation (j2.14p . we obtain (12. 9p . □ 

Remark 1 Using Proposition [1] we can easily see that the solutions to the linear systems ()2.7p . ()2.8p 
corresponding to values q and q + 1 are related by differentiation in A. Namely, let us indicate explicitly 
the dependence of a solution to the system (j2.7p . ()2.8p on q, i.e., we denote ^> by Then 



= ^ = ^'?(A)$«(A), (2.15) 

where ^^(A) = — Xli^i ^'a^a^^'' is the matrix of coefficients in (j2.7p . 

In this paper we find a complete system of linearly independent solutions to the system (12. 7p . (12. Sp 
for the case q = —1/2. Several columns of our solution $ turn out to be independent of A, therefore 
formula (|2.15p cannot be used to generate fundamental solutions to the system with q = — 1/2 + n 
for integer n > 1. However, from our solution for q = —1/2 we can obtain the complete system of 
solutions for any negative half- integer value of q (see also Remark [3] below) . 



Remark 2 The same system of equations (12. 5p . (12. 6p describes isomonodromic deformations of the 
non-Fuchsian equation 

^ = (U+-V)^. (2.16) 

az z 

A solution ^ to the system (I2.16P has an irregular singularity of Poincare rank 1 at z = oo, and a 
regular singularity at the origin. Solutions to the Fuchsian system (j2.7p and the non-Fuchsian system 
(|2.16p are related by a formal Laplace transform (see [12], p. 87, (3.149)). 



3 Solution to the Fuchsian system associated to the Hurwitz Probe- 
nius manifolds 

3.1 Preliminaries 

Let £ be a Riemann surface of genus g and / be a meromorphic function on C of degree d. Let us fix 
the degrees of the poles of / to be A;i, . . . , {ki + • • • + km = d), and assume that all finite critical 
points of the function / (i.e., zeros of df) are simple; we denote them by Pi, ... , P/v, where, according 
to the Riemann-Hurwitz formula, N = 2g + d + m — 2. We denote by TCg^diki, ■ ■ ■ , km) the Hurwitz 
space, i.e., the space of equivalence classes of pairs (or branched coverings) X := (£, /) (two coverings 
Xi := (£i,/i) and X2 := {C2, f2) are called equivalent if there exists a biholomorphic isomorphism 
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h : Ci ^ £-2 such that fi = f2° h). The critical values of the function /, i.e., the values := f{Pk) 
with k = 1, . . . ,N, can be chosen to be the local coordinates on this Hurwitz space. 

The branched covering X = {C, /) is a d-sheeted covering of CP^ ramified at the points -Pi, ... , Pjq 
as well as at those poles of / whose degrees are higher than 1. The critical values {A^} are the finite 
branch points of the covering X. In a, neighbourhood of the ramification point Pj we introduce a local 
parameter Xj{P) (called "distinguished" [39j) satisfying equations 

df = 2xjdxj , Xj{Pj) = . 

This differential equation has two solutions: Xj{P) = f{P) — Xj. Therefore, for each j we have 
two possible choices (which differ by a sign) of the distinguished local parameter. Altogether we get 
2-^ sets of distinguished local parameters. 

Let us introduce the canonical meromorphic bidifferential W{P, Q) on C : P,Q £ C. This bidif- 
ferential is symmetric; it has a quadratic pole on the diagonal P = Q with the singular part given by 
dx{P)dx{Q){x{P) — x{Q))~'^ in any local parameter x, and is normalized by the requirement that all 
of its a-periods with respect to some symplectic basis (acbo) in Hi[C) vanish. Let us also introduce 
the canonical basis of holomorphic differentials wi, . . . ,Wg on C normalized by §^ W/j = 5aj3, where 
5ap is the Kronecker symbol and a, (5 = 1, . . . ,g. Integrals of these differentials over the cycles give 
the Riemann matrix IB of the surface: Bq,^ = <f^ wp. 

We are going to use the following Ranch variational formulas, which describe the dependence of 
Wa, W and B on the branch points {A^} (see [351 [28]): 



d 
dXj 



—{M^,} = 2.iRes|^^^^ I dfiQ) / ' ^^''^ 
= I^-Iq=p, I dflQ) j (3-2) 



d 

dXj 



f{P),fiQ) 



{W{P,Q)} = Res\^^^^ I dm / 



(3.3) 



Here the derivative with respect to A^ is taken keeping the projections f{P) and f{Q) of the points 
P and Q to CP^ constant. 

Notice that the variational formulas for normalized holomorphic differentials (|3.2p can be ater- 
natively stated as horizontality of the the column vector {wi{P), . . . ,Wg{P))'^ with respect to the 
Gauss-Manin connection on the Hurwitz space 

N 

d-'^ejdXj, (3.4) 

i=i 

where the connection coefficients Qj are the g x g diagonal matrices with 

'WaiQ)WiP,Q) 



{&j)aa ■■= Res|Q=p^. 



df{Q)wm 



The formulas (j3.ip - (j3.3p can be alternatively rewritten in the following less invariant form which 
we are going to use below: 

^{B„;3} = TTiWaiPj)wp{Pj) ; (3.5) 
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7 -I 

{W{P,Q)} = - 



dXj 



{waiP)} = -Wo^iPj)W{P, P,); (3.6) 



{WiP, Q)} = -W{P, Pj)W{Q, P,) , (3.7) 



where 

""(^^■^ •= d^) P=P, ' ^^^'^^-^ •= " • ^'-'^ 

and Xj{Q) is one of the possible sets of distinguished local parameters 

°j f and W^{P,Pj 



For the squares, Wa{Pj)'^ and W'^{P,Pj), we have the following invariant expressions: 



In the next section we are going to solve the linear system (|2.7p , (|2.8p , where the rotation coefficients 
are given by ([13]) [HI [28]: i.e., 



2 ^ ^' '^^ ■ 2dxj{P)dxk{Q) 



P=Pj ,Q=Pk 



where {xj} is some set of distinguished local parameters. By changing signs of some of the xj we get 
2-^ different sets of rotation coefficients. These coefficients satisfy the system (|2.5|) . (|2.6|) as a simple 
corollary of the Ranch formulas (|3.7p . 

The squares F^^ of rotation coefficients, are defined by the following residue formulas: 



Tj, - 2 Res I ^^^^ ^^%=P, \ df(Pydf(Q) / • 



3.2 Construction of a solution to the Fuchsian system 

Let us fix some A G CP"*^ which does not coincide with any of Xj, i.e., such that its pre-image f~^{X) 
consists of d different points A^'^^ k = l,...,d. Let us also enumerate in some way the points of 
/~^(oo), which we denote by oo^''-', s = 1, . . . , m (if some of oo^'*^ are ramification points then m < d). 

Let us introduce the homology group Hi{C \ /~^(oo) ; /~^(A)), with coefficients in Z, of the 
Riemann surface C punctured at m points cxd^''), s = 1, . . . ,m, relative to the set /~^(A) of d points A^'^^ 
k = 1, . . . ,d. The dimension of i?i(£\/~^(oo) ; f^^{X)) is2g+d+m — 2. We notice that this dimension 
equals N, the number of the branch points {Xj}. The set of basis contours s^. A; = 1, . . . , 2g + d+m — 2 
in Hi{C \ /~^(oo) ; /~^(A)) can be chosen as follows: 

S2Q-1 := Oq, S2q, := 6q, , a = l,...,g, (3-11) 

where {aa,Pa) is a canonical basis of cycles in the homology space Hi{C,Z); 

S2g+s := Is , s = l,...,m-l, (3.12) 

where Ig is the closed contour encircling oo^''^ in the positive direction (in Hi{C,Z) the contour Ig is 
trivial) ; 

S2g+m-l+n ■= 7n,n+l{X) , n = 1, . . . , d - 1, (3.13) 
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where jn,n+i{X) is some contour connecting the points A^"^ and A^"^^^ from the pre-image /~^(A). 

It is sometimes convenient to choose the symplectic basis {aa,ba) in Hi{C) (|3.1ip which forms a 
part of the basis in the space of relative homologies Hi{C \ /^^(oo) ; /~^(A))) independently of the 
basis (a^jbo,) used for normalization of the bidifferential W and the holomorphic 1-forms Wa (see 
Section [STT]) • That's why we denote these two bases of Hi{C) by different letters. 

Let us consider the meromorphic differentials W{P, Pj) on C (see ()3.8p ). This is the Abelian differ- 
ential of the second kind, having a second order pole at Pj with the singular part {xj{P))~'^dxj{P) and 
all vanishing periods over the cycles aa, where {xj} is the same set of distinguished local parameters 
as in (jS.lOp . A change of sign of xj implies the change of the sign of W{P, Pj). 

The meromorphic differential f{P)W{P,Pj) has a second order pole at Pj and poles of order ks 
at all poles oo^^^ s = 1, . . . ,m of the function /. Generically, the differential f{P)W{P,Pj) does not 
satisfy any normalization conditions. 

Now we are going to construct a solution to the Fuchsian system (j2.7p and isomonodromy equations 
([THIl in terms of integrals of the differentials W{P,Pj) and f{P)W{P,Pj) over the basis (|3TT]) - (f3l3]) 
in the relative homology space Hi{C\ f'^{oo) ; /^^(A)). 

Consider some point Aq G C which does not coincide with any of Xj. Consider an open simply- 
connected neighbourhood L> C C of Aq such that f~^{D) consists of d connected components. 

For all A G -D we choose the basis elements (I3.11j) - (13.13p of the space Hi{C \ /~^(oo) ; /~^(A)) to 
be obtained by a small smooth deformation from the respective elements of Hi{C \ /~^(oo) ; /^^(Aq)) 
(this concerns in fact only the contours 7„^„4.i(A) (|3.13p : we require that for all A E D these contours 
differ from 7n n+i(Ao) only by paths connecting the endpoints [Aq"\a^"''] and [Aq"^^\ A*-"^"*^-*] within 

f-HD))- 

For any contour s G Hi{C \ f ^(oo); / ^(A)) we introduce the column vector-function <I>^^) with 
values in whose jth component {j = 1, . . . , N) is given by: 

$f (A) := A / WiP,P,) - [ fiP)WiP,P,), (3.14) 

where A G C \ {Ai, . . . , Xjy}- 

Let us choose for a moment the canonical basis of cycles (aQ,,bQ,), with respect to which the 
meromorphic bidifferential W is normalized (see Section 13. ip , to coincide with the canonical basis of 
cycles {aa, ba) from the basis (I3.11j) in Hi{C\f~^{oo) , /"^(A)). Then the vectors a = l,... ,g, 

do not depend on A, since a-periods of the differentials W{P,Pj) vanish: 

<^>f-\x) = -(f f{P)W(P,P,). 

The vectors a = 1,. . . ,g, are linear in A; since 6-periods of W are given by the holomorphic 

normalized differentials {wa}'- 

$f")(A) = 2mXwa{Pj) - i f{P)W{P,P,) . 

J be, 

The columns corresponding to the contours Is do not depend on A either, since the differentials 
W{P,Pj) are non-singular at oo^'^): 

cI>f)(A) = -27rires|p^^(.)[/(P)W^(P,P,)] , s = l,...,m-l. (3.15) 
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In particular, if all oo^'^^ are not ramification points, i.e., m = d, the residues in (j3.15p can be easily 
computed to give 

<I>('^) (A) = -27ri T^(cx)(^) , P,) := -2^i ^j^/!^^^ , s = l,...,d-l, (3.16) 

aZs[LJ) Q=oo 

where Zs = 1/A is the local parameter at oo^*-'. The columns <I)(T"."+i depend on A non-trivially 
through the dependence of the integration contours 7n,n+i(A) on A. 

Theorem 1 For any contours G Hi{C\f^^{oo) ; /~^(A)), the vector function ^^^^ defined by ^3.14^ , 
satisfies the linear system {2.1), h2. ^) with q = —1/2 and A G D. 



Proof. We shall check that the vector ^>(^)(A) = ($^^^(A), . . . , ^>i^^(A))^ satisfies the system ([TO]) . 
(j2.10p . ()2.1ip with q = —1/2, which is equivalent to the original system (j2.7p . (j2.8p with the same 
value of the parameter q. 

The validity of equations (j2.1ip is an immediate consequence of (jS.lOp and the Ranch variational 
formulas for the bidifferential W{P, Q). 

To verify (IXTU|) we lift the functions ^f\x), X£ D C CP\ (fXTip to the function <^>f\f{P)) on 
the Riemann surface C. 

The equation (j2.10p is an infinitesimal form of the invariance of the function ^^^\f{P)) under a 
simultaneous translation of all Xj and A = f{P) by a constant. Namely, consider a biholomorphic 
mapping of the Riemann surfaces £—>£'' which acts in every sheet of C by sending the point P with 
the projection A = f{P) to the point P^ projecting to A'^ := f{P^) = f{P) + S on the base of the 
covering. The branch points {Aj} are then mapped to {A, + 6}. Due to the invariance of the local 
parameters Xi{P) = \J f{P) — Aj under the mapping and the invariance of the bidifferential W under 
all biholomorphic mappings of the surfaces, the equality W{P,Pi) = W^{P^ , P^) holds, where is 

A (s) 

the bidifferential W defined on C . Therefore, for the function {f{P)) we have: 

{^ff{f{P')):=f{P')f W\Q,P^)- [ fiQ)W\Q,P^) 

= (/(P) +5)[ W{Q, Pj) - [ [f{Q) + 5)W{Q, Pj), 

where the second equality is obtained by changing the variable of integration Q ^ and using the 
invariance W{P.,Pj) = W^{P^ .,Pj). Differentiating the above relation with respect to 5 at 5 = we 

get dx^fiX) + e(^>5.^^(A)) = 0, i.e., the first equation in (|2T0]) . 

Finally, the equation (j2.9p with q = —1/2 can be verified by considering the transformation of the 
function ^^^\f{P)) under the biholomorphic mapping of the Riemann surfaces C ^ C' which maps 
the point P with the projection f{P) to the point P^ belonging to the same sheet and projecting 
to f{P^) = (1 + e)f{P) on the base. The local parameters Xj{P) get multiplied by \/l + e and the 
bidifferential W stays invariant, i.e., W{P,Q) = W^{P'^,Q'^). Thus for the differential W{Q,Pj) we 
have W^iQ^, P|) = WiQ, Pj)/^/TT€, see dSSD- Therefore, for the function <^f\f{P)) (fHTi]) we have: 

(cDf r(/(P^)) :=f{P')f W^{Q,Pj^)- I f{Q)W\Q,P^) 
= VT+~e \f{P) [w{Q, P,) - [f{Q)W{Q, Pj 
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where the second equahty is obtained by changing the variable of integration Q ^ Q"" and using the 
relation W^{Q\P^) = W{Q,Pj)/y/m. This implies for the function ^f{\{P)) : 

Differentiating this relation with respect to e at e = we get 



Xdx^f\x)+E{^f\x)) = d^lj^friX^) = (A). 



□ 



Now from N vectors <^^^''\ k = l,...,N, corresponding to the basis (|3lT]) . (fXTSll . ([3T2]) of 
Hi{£ \ f~^{oo) ; f~^{X)), we construct the N x N matrix 



$(A) := ($("i),$("2)^___^$(siv)) for A G D. 



(3.17) 



Theorem 2 The matrix $(A) 1^3.11 ) gives a complete set of linearly independent solutions to the Fuch- 
sian linear system \2. 7| ) for X £ D with q = —1/2. The matrix $(A) also satisfies the isomonodromy 
deformation equations 112. 8\) . 



Proof. The matrix <I> satisfies equations (|2.7p and (j2.8p since each of its columns satisfies these 
equations. The proof of linear independence of its columns is rather tedious. We postpone it to 
Appendix [B] which is entirely devoted to this proof. □ 

Remark 3 The solution (|3.14p can be formally rewritten in the following form: 

^>^(A) = jjfiP) j''w{R,P,), (3.18) 

where s is again one of the integration contours (j2.7p - (j3.13p and we assume that the closed contours 
start and end at one of the points from the set /~^(A) (not necessarily the same for all contours). This 
can be achieved by deformation of contours. This solution satisfies our linear system with q = —1/2. 
Similarly to the proof of (j3.18p (Theorem [1]) one can prove that a solution for the system (j2.7p , ()2.8p 
with q = —3/2 can be written in the form 

«I^(A) = j^df{P) j'^dfiQ) pW{R,P,) . (3.19) 
Adding one more integration, we get a solution to the system ()2.7p . (j2.8p with q = —5/2 : 

l^(A) = j^df{P') j"" df{P) j"" df{Q) pW{R,P,), (3.20) 

and so on. 

Let us perform integration by parts in (j3.19p and (j3.20p . Then the solutions take, respectively, the 
form: 

4'(A) = / WiP^ " ^ / fiPWiP, Pi) + fiP)W{P, Pi). (3.21) 
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I^(A) = lw{P,Pi)-h^ jjiP)W{P,P,) + ^X jj\P)W{P,Pi)-^ lj\P)W{P,Pi). (3.22) 

A straightforward differentiation of (|3.22p with respect to C given (j3.2ip : and differentiation of (j3.2ip 
gives (I3.14p . in agreement with (12.15p . 

Similarly, we get solutions to systems (|2.7p . (|2.8p for any negative half- integer value of q. However, 
for q = 1/2, 3/2 ... we don't get a complete system of solutions of (|2.7p . (|2.8p since some of columns 
of ()3.14p don't depend on A and turn into zero vectors after differentiation. 

3.3 Dependence of the solution on the choice of homology basis 

In this section we discuss the dependence of the solution <I> (j3.14p . (|3.17p on the choice of a Lagrangian 
subspace {a} generated by the a-cycles ai, . . . , a^ in Hi{C) with respect to which W{P, Q) is normal- 
ized, on the choice of the integration contours Si, . . . , and on the choice of the signs of distinguished 
local parameters Xj. 

Let us denote by a and b the column vectors of basis cycles: a := (ai,...,ag)^ and b := 
(bi, . . . ,bg)^. Consider a new symplectic basis, (a, b), in Hi[C) which is related to the old one by a 
symplectic transformation: 

/b\ / A B \ / h 



C D 



(3.23) 



Then the canonical bidifferentials W and W corresponding to the bases (a, b) and (a, b), respec- 
tively, are related by (see [21], p. 10): 

W{P,Q) = W{P,Q) - 2mw'^{P){CM + D)-^Cw{Q), (3.24) 

where w is the vector of holomorphic differentials, w := {wi, . . . ,WgY, normalized by wp = 6ap, 
and B is the matrix of b-periods: B^^ := <fy^ wp. 

Let us denote by s the row vector whose components are given by the contours si, . . . ,SAr. For 
another basis s = (si, . . . , s^v) in Hi{C\f^^{oo) , /^^(A)) we have s = si?, where i? is a non-degenerate 
N X N matrix with integer entries. 

Then we can form a matrix- function <I?(A) defined by the formulas (I3.14|) . ()3.17p with the bidif- 
ferential W replaced by the transformed bidifferential W, with integration contours {s^} G Hi{C \ 
/~^(oo) , /~^(A)), and a new set of distinguished local parameters Xj = ejXj with = 1. The 

function ^*(A) solves the system (|2.7p . (j2.8p with the matrix V built from the rotation coefficients 
given by the deformed bidifferential: 



W{P,Q) 
dxi{P)dxj{Q) 



P=Pi Q=Pj 



Theorem 3 The matrix-functions $ and $ are related as follows: 

$(A) = y(l-T(A))$(A)i?, (3.25) 
where 1 denotes the N x N identity matrix; T is a symmetric matrix with the entries: 

9 

{T)ij = TTi (Xj - A) ^ [{CM + D)-'C]^^Wa{n)wp{Pj) , (3.26) 

a,f3=l 
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where WaiPj) ■= {wa{P) /dxj{P))\p=p. ; the constant matrices C and D are blocks of the symplectic 
transformation i3.23\) between the two canonical homology bases; R is the transformation matrix be- 
tween the sets of new and old integration contours: s = sR; the diagonal matrix Y is formed by the 
factors Ej, i.e., Y := diag(ei, . . . , eAr). 

Proof. It is sufficient to check tfie statement of tlie theorem in three cases: 

1. The symplectic matrix in (j3.23p is the unit matrix, all €j = 1 (i.e. y = 1), while the transfor- 
mation matrix R between the bases s and s in Hi{C \ /^^(oo) , /^^(A)) is non-trivial. Then 
W = W and the only difference between <I> and ^ is the choice of the integration contours; 
therefore, ^ = ^ R. 

2. Matrix R is the unit matrix (i.e. the contours of integration Sj remain unchanged), all Cj = 1 
while the symplectic transformation matrix in (I3.23P is non-trivial. 

In this case the formula (13.25P with Y = R = 1 can be proved by a direct computation as follows. 
Relation (j3.25p is equivalent to 



A / W{P,Pi] 



Sfc 



fiP)WiP,Pi] 



N 

Ed 



A / W{P,P, 



Sfc 



f{P)W{P,P, 



Sfc 



(3.27) 

for any i = 1, . . . , N and k = 1, . . . , N. Using the definition (j3.26p of the matrix T and the Ranch 
variational formula p.6p for the holomorphic differentials Wa, we obtain: 



N 



Ed 



fiP)WiP,P,) 



Sfc 



fiP)w{p,Pi: 



Sfc 



2^i ^ [{CM + Dr'C]^^wUPi)\E( [ f{P)w^{P))-Xe( [ f{P)wp{P) 

a,f3=l L ^''^k / V^Sfc 



(3.28) 



where E = J2j=i ^j^^j is the Euler vector field and e = YlJ=i is the unit vector field on the 
Frobenius manifold. We compute the action of these fields on our integrals using the invariance 
of the holomorphic differentials Wk with respect to the biholomorphic mappings of Riemann 
surfaces L ^ and C ^ from the proof of Theorem [TJ 



E 



Sfc 



d 



e=0 



d_ 
Te 



6=0 



fiPl^UP' 



Sfc 



t=0 



fiP){l + e)wpiP) 



Sfc 



f{P)wp{P). (3.29) 



Sfc 



wp{P). 
(3.30) 



To obtain the second equalities in the above lines we used the invariance w'p{P^) = wp[P) and 
wt{P^) = Wf3{P) of the normalized holomorphic differentials under the biholomorphic mappings. 
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Similarly, for the first summand in the right hand side of (|3.27p we get: 



A / W{P,Pi). 

(3.31) 

Where the action of the fields E and e are computed similarly to the above: E ^ f^^ Wfs{P)J = 
ande(4«;^(P)) =0. 

Thus, plugging relations (|3.28p . (|3.29p . (|3.30p and (j3.3ip into (|3.27p and using the expression 
(j3.24p for the transformed bidifferential W, we get (|3.27p . 

3. The integration contours s^, as well as W{P,Q), remain unchanged, but some of distinguished 
local parameters change sign, i.e. Y ^ 1. Then the differentials W{P,Pj) change to €jW{P, Pj), 
which implies the transformation <I> of the matrix 

□ 

Note that we can rewrite the transformation (j3.25p in the form ^{X) = y (1 + Ti — AT2) ^(A) R , 
where the matrices Ti and T2 do not depend on A. 

Therefore, in the case R = 1 (j3.25p is nothing but a special type of the Schlesiger transforma- 
tion (multiplication from the left by a rational function); this transformation does not change the 
monodromy matrices of In the case of a non-trivial matrix R the monodromy matrices of ^ are 
obtained from monodromy matrices of $ via the conjugation by R~^. 

Let us formulate the following technical lemma: 

Lemma 1 The matrix 1 — T from Theorem\^ is non-degenerate. Its inverse is given by 1 + T. 

Proof. The statement of the lemma follows from the relation = 0, which holds due to the following 
identity: 

JV 

^(Aj - X)wa{Pj)wp{Pj) = for any a, /? = 1, . . . , g. (3.32) 

i=i 

To prove ()3.32p we notice that by virtue of the Ranch variational formulas ()3.5p for the Riemann 
matrix, the left hand side of (j3.32p is a multiple of the quantity E(]Bq,^) — XeiMajs). The constancy 
of the Riemann matrix B along the Euler and the unit vector fields, E(Bq,^) = and e(BQ,^) = 0, is 
proved as in (|3.3ip choosing the contour of integration to be Syt = 6/3. □ 

This lemma implies the following corollary of Theorem [31 which will be used in the proof of the 
completeness of the constructed set of solutions to the Fuchsian system (j2.7p . (|2.8p : 

Corollary 1 Assume that the matrix $ is a fundamental matrix of solutions to the system ^2. 7| ), ^2. ^) 
for some choice of symplectic basis {aa,ha) in Hi{C) and a basis {sj} in Hi[C \ f^^{oo) , /~^(A)). 
Then the matrix $ corresponding to any other choice of the bases in these homology spaces is also 
a fundamental matrix of solutions. In other words, the non- degeneracy of $ for some X, implies the 
non- degeneracy of^. 
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Remark 4 Note that while the transformation (j3.23p of the homofogy basis is done by a symplectic 
matrix with integer entries, we can construct a bidifFerential W'^ as in (j3.24p with C and D being the 
corresponding blocks of a symplectic matrix with complex entries. Such a bidifferential W'^ gives also 
a "deformation" of the original bidifFerential W. 
Namely, let 

/ A B ' 



C D 



GSp(25,C) 



and assume the matrix CM + D to he non- degenerate. Then the bidifferential W^{P,Q), P,Q £ C, 
given by 

W^{P, Q) = W{P, Q) - 2m w'^{P){CM + D)-^Cw{Q), (3.33) 

can be characterized as a unique symmetric bidifferential with a second order pole at the diagonal 
P = Q with biresidue 1, normalized by the conditions: 

the integration being done with respect to either of the arguments. (Notice that due to the non- 
degeneracy of the matrix CB + D, the vanishing of the above combinations of periods of a holomorphic 
differential v, namely, Yli^a=i ib ^ X]a=i ^pa /a = for all /? = 1, . . . , 5 implies v = 0.) 

The variational formulas for W'^ have the same form as the Ranch variational formulas (j3.7p for 
the W. The deformed bidifferential is also invariant with respect to biholomorphic transformations 
of the Riemann surface. 

Thus the matrix $^(A) given by (ISTTl) . (l3Ti]) . (l3Tn) - (l3T3]) with the W replaced by its defor- 
mation solves the system (|2.7p . (|2.8p with q = —1/2 and the matrix V built from the entries 
Vij = W'^{Pi,Pj){\i - Xj)/2. The deformed syst em is related to the original one by the Schlesinger 
transformation of the form (I3.25[) . (I3.26P with Y = R = 1 and the matrices C and D having complex- 
valued entries. 

If the matrix C is invertible, the definition (I3.33P yields the bidifferential Wq{P,Q) = W{P,Q) — 
27ri w'^{P){M + q)^^Cw{Q), where q = C~^D. This is the deformation of the bidifferential W conside- 
red in [37], where the corresponding deformations of Frobenius structures were built - the Frobenius 
structures with rotation coefficients Tij = Wq{Pi, Pj)/2. Apparently, one can generalize the deforma- 
tions from [37] to Frobenius structures with rotation coefficients Tij = W'^{Pi, Pj)/2. (Here the values 
of and Wq at the points {Pi} are defined similarly to ()3.10p .) 



4 Monodromy group of the Fuchsian system 

In this section we study the transformations of the solution $ (I3.17P under analytical continuation with 
respect to A along the paths from 7ri(C\{Ai, . . . , Aat}, Aq). Since <5(A) depends non-linearly on A only 
through the dependence on A of the integration contours jn,n+i{X), the monodromy transformation 
in question is given by the corresponding tranformation of the integration contours in the space 
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4.1 Preliminaries 



For any set of d points Qi, . . . , Qa on a Riemann surface C one can introduce the surface braid group 
Bd{jC., {Qj}j^i) (see [5j; if £ is the complex plane, the surface braid group coincides with the Artin 
braid group). 

For a description of the monodromy group of the Fuchsian system (j2.7p we introduce the surface 
braid group -Bd(£ \ /^^(oo) , /^^{Xq)). The corresponding strands end at d points from f~^{Xo), i.e., 
at Xq \ . . . , Xq\ 

The lift 7-^7) of a path 7 G 7ri(CP^ \ {Ai, . . . , Aat, 00}, Aq) from CP^ to £ \ f'^ioo) consists 
of d non-intersecting (other than at the end points) paths on £ which start and end in the set 
{Aq^\ . . . , Aq*^^}. Therefore, /~"'^(7) naturally defines an element of the group Bd{C \ f^^ {00) , /^^(Aq)) 
(see review |34j). We denote this map which takes a loop 7 to the corresponding surface braid by 
f"-*-. Obviously, for any two elements 7 and 7 of 7ri(CP^ \ {Ai, . . . , Atv, 00}, Aq) the element of the 
surface braid group corresponding to /~^(7 o 7) coincides with that corresponding to the product 
/^^(7) o f^^{^). Therefore, we get the following 

Proposition 2 T/ie map f^-*- /ram 7ri(CP"'^ \ {Ai, Aat, 00}, Aq) to Bd_{C\f^^ {00) , /^^(Aq)) defined 
above is a group homomorphism. 

There exists also a standard homomorphism from the surface braid group B(i{C\f~^{oo) , /~^(Ao)) 
to the symmetric group acting on the set of d points Aq^^ , • • • , Aq'^'' . The superposition of this 
homomorphism with the homomorphism from Proposition [2] gives the standard group homo- 
morphism h from 7ri(CP^ \ {Ai, . . . , Xn, 00}, Aq) to the symmetric group S^; the image of 7ri(CP^ \ 
{Ai, . . . , Aat, 00}, Aq) under the homomorphism h is called the monodromy group of the covering. 

Now, for any Riemann surface C and a set of d points {Qn G -^1^=1 '^^^ define a natural 
action of the surface braid group -Brf(£ , {Qn}$^=i) on the relative homology group Hi{C , {Qn}n=i)- 
Namely, on the space of absolute homologies Hi{C) (which is a linear subspace of Hi{C , {Qn}n=i)) 
the group Bd{C , {Qn}n=i) ^^ts identically. On an element of Hi{C , {Q„}^^]^) represented by an 
oriented contour 7mn which starts at the point Qm and ends at Qn an element G G Bd{C, {Qn}n=i) 
acts in the following way. The element G induces a permutation (ii, . . . , i^) G of points Qi, ■ ■ ■ ,Qd 
and is defined by d oriented paths {/„} on £; the path /„ goes from Q„ to Qj„. The natural action of 
G G i?d(£ , {Qn}n=i) on a contour jmn is defined by 

'Ymn *■ 7nm ~l~ — • 'Jim in' (^•^) 

In this way to each G G Bd{C , {Qn}n=i) a linear automorphism of Hi{C , {Qn}n=i) is assigned. 

Proposition 3 This map from B(i{C , {Qn}n-i) to the group of linear automorphisms of Hi{C , {Qn}n=i) 
is a group homomorphism. 

The proof is geometrically obvious: it is easy to see that the action of the product of two elements 
of Bd{C , {Qn}n=i) on Hi{C , {Qn}n=i) Corresponds to the superposition of the automorphisms cor- 
responding to each of these elements. 

Let us now denote by R the homomorphism from the surface braid group Bii{C\f~^{oo) , /~^(Ao)) 
to the group of linear automorphisms of the vector space Hi{C \ f~^{oo) ; /~^(Ao)). 

The superposition T := Roi^^ defines a group homomorphism from 7ri(CP^ \ {Ai, . . . , Aat, qo}, Aq) 
to Aut[i^i(£\ri(oo); ri(Ao))]. 

The next theorem states that, essentially, the image of 7ri(CP"'^ \{Ai, . . . , Ajv, 00}, Aq) in Aut[ifi(£\ 
/~^(oo) ; /~^(Ao))] under T coincides with the monodromy group of the Fuchsian system (j2.16p . 
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Theorem 4 Consider a standard system of generators 71 , . . . , , 7oo in the fundamental group 

7ri(CP"'^ \ {Ai, . . . , Ajv, 00}, Ao) based at Aq- Let a solution <^(A) to the Fuchsian system ^2. in the 
neighbourhood D of a base point Aq be given by ^3.14 ), {3.11^ , where the basis {s^} in the relative 



homology group Hi(jC\f~^{oo) ; f^^{X)) is given by i3.ll]) . i3.12\) and I13.1.S\) . Let the automorphisms 
T(7fc) G Axit{Hi{C\f~^{co) ; /^""^(Aq))] (where the homomorphism T is defined before the theorem) be 
defined in the basis {s^} by the matrices F^. Then the solution ^*(A) transforms under the analytical 
continuation along the path 7^ as follows: $ ^Mk, where the monodromy matrices are related 
to the matrices F^ by: 

Mk = {FkV, k = l,...,N,^. (4.2) 

Proof. To prove the theorem one has to remember that the neighbourhood D of Aq was chosen such 
that for X £ D the contours Sjij(A) can be obtained by a smooth deformation from the contours Sjt(Ao). 
Then the statement of the theorem is just a corollary of the definition of the function $ (j3.14p . (j3.17p 
in terms of integrals of certain meromorphic differentials over the contours Sfc(A), as well as of the 
definitions of monodromy matrices and the homomorphism T. □ 

The transposition in the relation (|4.2p between the matrices and Ff^ appears since the cycles 
label the columns of matrix Thus the map from 7ri(CP^ \ {Ai, . . . , Ajv, 00}, Aq) to GL{N, C) given 
by the monodromy map is an anii- homomorphism (i.e., the monodromy matrices multiply in the order 
opposite to the order of multiplication of the corresponding paths in 7ri(CP^ \ {Ai, . . . , Ajv, 00}, Aq)), 
see ([21]), (12:2]) . 

In our situation, when all finite branch points are simple and the covering is connected, the 
monodromy group of the covering C (i.e., the image of 7ri(CP^ \ {Ai, . . . , Ajv, 00}, Aq) in Sd under the 
homomorphism h) coincides with the whole symmetric group S^. Let us denote the permutations 
corresponding to the loops 7^ by ak, i.e., ak = iiilk), k = 1, . . . , N,oo. The permutations satisfy the 
relation 

aia2 . . • CTivCJoo = id. 

One can make the following statement about the structure of the monodromy matrices: 



Theorem 5 The monodromy matrices of the function <I> defined by |3. j^[ ), (3.11) have the following 
block structure: 

M.= [[ l\ ) . (4.3) 

where I is the {2g + m — l) x {2g + m—\) identity matrix; is the (d— 1) x {2g + m — \) matrix with zero 
entries; and Sj^ are matrices with integer entries of size {2g + m — \) x (d — 1) and (d — 1) x (d — 1), 
respectively. Moreover, the matrix depends only on the element at of the monodromy group of the 
covering. 

Proof. The diagonal unit block of the size {2g + m — 1) x [2g + m — 1) and the zero matrix in the 
left lower corner of Mj. appear since the first 2g + m — 1 columns of the matrix $ are either linear 
functions of A or constant with respect to A; these 2*7 + m — 1 columns remain thus invariant under 
the analytical continuation of $ along any 7^ (this can also be seen from the fact that the contours s^, 
/c = 1, . . . , 2g+m—l, are independent of A and, therefore, do not change under T^j^))- The matrices Sk 
and Sfc define the transformation of the contours 7„^„+i(Ao), n = 1, . . . , d—1, under the homomorphism 
T(7fc). The contour 7n,n+i(Ao) gets mapped under such a transformation to some contour connecting 
the points Aq"'' and Aq""*"^^ (where {ii,. . . ,iii) G Sd is an element h(7fc) of the monodromy group of 
the covering £ corresponding to 7^). This contour can be expressed in Hi{C \ f~^{oo) ; /~^(Ao)) as 
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a linear combination of the contours {'yn,n+i{^o)}n'=i^ basis a- and 6-cycles, and the cycles around 
oo^*). The coefficients in front of {7„_„+i(Ao)} are given by the matrix S^; clearly, they depend only 
on the permutation h(7fc); thus the matrices are entirely determined by the monodromy group of 
the covering C. The matrices S^, which determine the coefficients in front of the a- and 5-cycles, and 
the cycles around oo^'^^ depend also on the choice of a canonical basis of cycles in Hi{C). □ 

It is thus easy to see that under a change of the basis {aa, ba, Is) in Hi{C \ /~^(oo)) the matrices 
Tik do not change; the matrices Sk transform in an obvious way given by the next proposition. We 
notice also that the matrices satisfy the relation 

5^oo^jv • • • = id. 

Proposition 4 Let a {2g + m — 1) x (2g + m — 1) matrix Q define a transformation between a basis 
{aa,ba,ls) in Hi{C\ f^^{oo)) and a new basis {aa,ba,ls), *-e., 

(4.4) 

Then the new monodromy matrices (the monodromy matrices of the solution ^ given by the integrals 
^3.14^ over the new basis of contours) have the form with the same matrices and new matrices 
Sk given by: 

Sk = Q^Sk . (4.5) 

The proof is an immediate corollary of the definition of the matrices Sk', it is also easy to observe 
that the simultaneous transformation (j4.5p of all matrices Sk preserves the relation (j2.2p between the 
monodromy matrices. Indeed, the transformed monodromy matrices Mk (I4.3jl . (j4.5[) are related to the 
matrices Mk by a simultaneous conjugation : 

Aft = ( T ? ^ Afc ( 



aa ^ 


, / da 


ba 




Is J 





^ / y " V ^ 

the corresponding solutions of the Fuchsian system are related by 



Remark 5 We would like to stress that in Proposition [4] we only consider the dependence of $ on the 
change of some of the integration contours Sk in (j3.14p : the canonical basis of cycles (a^, b^) used in 
the definition of the bidifferential W (see Section [3. ip is assumed to remain the same. The dependence 
of ^> on the choice of a basis {a.a,ha) (i.e., on the normalization of W) was discussed in Section [331 

4.2 Monodromy group 

4.2.1 Spaces of meromorphic functions with simple poles 

Here we describe the group M generated by the monodromy matrices computed in Appendix lA.il as 
a semidirect product of the free group 'Z('^9+d.-'i-)x(d-i) ^ where d is the degree of the covering, and the 
symmetric group 8,^, the monodromy group of the covering. 
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Pi P2 Pi Pi Pig+i P2a+2 
Figure 1: A Hurwitz diagram for the space Tig-di^-, • • • > 

Consider a Hurwtiz space of coverings represented by Figure [TJ Let the group M. be generated by 
the monodromy matrices Mi, M2g+3, Af2g+5, . . . , Mjv-i, i.e., 

M := (Ml, {M2g+2n-l}t2) • 



These generators have the form (see Appendix |Al ()A.5P and ()A.9p ): 

M; = ( ^ ^ j , for i = 1 or odd i > 25 + 3, 



(4.7) 



where the matrix Sj corresponds to the element = /i(7j) of the monodromy group of the covering. 

As is easy to see, for the coverings from Figure [H is isomorphic to the monodromy group of 
the covering, i.e., to the symmetric group S^. 

Denote by A4 the fohowing group: 



M := ({MiMfcl^lf ; {M23+2n-lM; 



'2g+2n-lJW2g+2n}„=2/; 



(4.8) 



and consider its normal closure Ai-^ in Ai. Then the monodromy group A4 is represented as a 
semidirect product M = f< M. 

Theorem 6 The normal closure of the group Ai |^.<§D in the monodromy group Ai = ({M^j^^j^) 
is isomorphic to the free group Z^^^"'"'^"^^*^'^"^^ . Here d is the degree and g is the genus of the covering; 
N is the number of simple finite branch points. 



Proof. The matrices generating the group Ai 



have the form (see Appendix E]) : 



M2g+2n- 1 M2g+2n 



/ 



(4.9) 



where again A; = 2, . . . 2g+2; n = 2, . . . , d— 1 and Si is the block above the diagonal in the monodromy 
matrix M;, see (|4.3p . We recall that the second diagonal block in M/M^ (the block S in (j4.3p ) depends 
only on the permutation h{'-^kli)- The permutations /i(7fc7i) and h{')2g+2nl2g+2n-i) are trivial for the 
coverings from Figure [U thus the corresponding diagonal blocks are trivial in ()4.9p . 
From (j4.9p and (j4.7p we get elements of Ai^ in the form: 



M 



/ S 
/ 



(4.10) 
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with some matrix S. We shall now show that S can be any matrix with integer entries. 

Consider an element of the normal closure M"^, obtained from matrices (j4.9p by conjugation with 
one of the generators (j4.7|) of the group M. . We get 

*<o' (o'f)- 

where k runs through the set {2, 3, . . . , 2c? + 2} U {2g + 2n}$^~2. 

Now we note that the last d — 1 rows in the block above the diagonal in the monodromy 
matrix Mqo (IA.16P form an (d — 1) x (d — 1) matrix which coincides with the Cartan matrix for Ad-i- 
Therefore, each row of the matrix M^o is a coordinate vector of a root of A^_i with respect to a basis 
of weight vectors {vi} defined by 

where {rj} are the root vectors and ( , ) denotes the scalar product in M"'. The Weyl group for A^-i 
is the symmetric group S^, thus the orbit of one of the root vectors of A^-i under the action of 
contains all the roots of A^-i- 

Furthermore, as can be seen from ()A.7p . (jA.Sp . (|A.lip and (|A.16p . the only non-zero row in each of 
the blocks and S2g+2n in the matrices (j4.9p is the respective row from Moo, i-e., a row of a Cartan 
matrix for ^^-i- 

Therefore, the matrices (j4.1ip for i = 1 and odd i > 2g + 3 and for /c = 2, ... 2(7 + 2 and k = 2g + 2n 
with n = 2, . . . , d — 1 have above the diagonal the products S'^S, where matrices S represent all 
generators of the group and the nonzero rows in Sk run through all the root vectors of A^-i- Thus, 
for each of the above k, the only nonzero row in the product the fcth row, runs through all the 

root vectors of ^d-i> i-e., through an integer basis in M*^^^. Multiplying matrices of the form ()4.1ip . 
we get matrices of the form (I4.10p with all possible integer blocks S of the size {2g + d — 1) x (d — 1) 
above the diagonal, which implies that the normal closure M.^ contains the free group jfi9+d-i){d-i) ^ 
Since from Section [4.11 we know that entries of the blocks S in (j4.10p are always integer numbers, we 
arrive at the isomorphism M.^ ~ ^(29+d-i)(d-i) ^ □ 

To summarize, we repeat that in the case of Hurwitz spaces of coverings shown in Fig. [H Theorem[6] 
implies the isomorphism between the monodromy group M of the solution <&(A) (j3.14p to the Fuchsian 
system ()2.7p . (12. Sp and a semidirect product of the free abelian group and the symmetric 

group Srf, i.e., M ~ zi'^a+d-m-i) ^ 

4.2.2 Spaces of meromorphic functions with poles of higher multiplicity 

We consider a covering with ramification over the point at infinity as a limit case of the coverings from 
Fig. [T]when some of the points P2g-\-2n with n > 1 tend to the point at infinity without crossing any 
branch cuts on the covering. 

As discussed in Appendix lA. 21 the monodromy matrices corresponding to the ramification points 
that don't merge in the limit are obtained from the matrices for simple coverings (see Appendix lA.ip by 
deleting a trivial row and the corresponding trivial column. The monodromy matrices corresponding 
to the ramification points that are sent to infinity disappear in the limit. 

Therefore, the reasoning from the proof of Theorem [6] remains valid in the limit: the nonzero rows 
of the blocks Sk above the diagonal remain unchanged and coincide with rows of the Cartan matrix 
for Ad-i- Since sending a ramification point to infinity results in deleting one of the first 2g + d — 1 
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rows and one of the first 2g + d — 1 columns from the monodromy matrices, the dimension of the 
blocks Sk in the limit is {2g + m — 1) x (d — 1), where m is the number of points projecting to A = oo 
on the base of the covering arising in the limit. 

Thus we get a similar result for the spaces of coverings ramified over the point at infinity: the 
corresponding monodromy group is isomorphic to the semidirect product: Ai — '^i'^9+i^-'^)ii^-^) x S^. 

For the space of polynomials of degree we have g = and m = 1; then the monodromy group 
of the Fuchsian system ()2.7p coincides with the symmetric group - the Weyl group of Ad-i (as well 
as with the monodromy group of the covering X). 

If 5 = and m = 2 (this is the space of rational functions of degree d with 1 simple pole and one 
pole of degree d—1), then 2g + m — l = 1 and the monodromy group of the Fuchsian system coincides 
with the Weyl group Z >< of the affine Lie algebra ^^-i, i.e. the algebra of formal power series of 
one variable with coefficients from A^^i. 

For arbitrary g and m the monodromy group is the Weyl group of the Lie algebra of formal power 
series in 2g -\- m — 1 variables with coefficients from A^-i- 

5 Action of braid group on solution to the Fuchsian system 
5.1 Braid monodromy group 

The braid group Bn on N strands (on the plane) naturally acts on the set {A^}^^ and thus on our 
Hurwitz space. To each covering X = (C, f) G T~(-g,d one can naturally associate a subgroup Biy{?i) 
of B]sf such that any element a S B]sf(X) transforms the covering X into a covering X"^ which is 
holomorphically equivalent to X (i.e., Bi\i(X) is the fundamental group of Ti-g^d with the base at X). 
In particular, for d = 2, when the covering X is hyper elliptic, the subgroup B]sf{X) coincides with the 
whole braid group Bi\f. An equivalence between X and X'^ is defined by an element of S^', therefore, in 
the case when the automorphism group of X is trivial, we get a group homomorphism from Bi\[{X) to 
S^; the image of this homomorphism we call the braid monodromy group of the covering X. The action 
of the braid group on coverings with symmetry (all branch points have in this case multiplicity 
d — 1) was recently studied in [32]. 

In the case when the covering X admits no automorphisms (this is obviously the case when all 
branch points are simple and distinct with the exception of hyperelliptic coverings), each element 
o" G Bi\i{X) naturally induces some Sp{2g,7j) transformation on homologies ffi(£,Z); in this way one 
gets a group homomorphism 

h : Bn{X) ^ Sp{2g,Z) . 

The image T{X) of B]\f{X) under the homomorphism /i is a subgroup of Sp{2g,'Z). Some partial 
results about the subgroup T{X) were obtained (in the simplest case of hyperelliptic coverings) in 
[ll[33]. In particular, it was proved in [Ij that r(^) coincides with the whole group Sp{2g,Z) for 
hyperelliptic coverings with 3, 4 and 6 branch points, and only in these cases. In [33] it was shown 
that the image of the subgroup of pure braids of i?Ar in Sp{2g, Z) under the homomorphism h coincides 
with the principal congruence subgroup r(2). 

Let us fix some canonical basis of cycles {a^jba} on C. In this section we shall identify the 
symplectic basis {aa,ha) of Hi{C) with respect to which W is normalized with the symplectic basis 
{aa, ba) which forms a part of the set of the integration contours Sj-. 
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Denote by B^^-^iX) the sub group of Bff{X) whose elements preserve the (^-dimensional subspace 
spanned by the set of a-cycles. The image of this subgroup in Sp{2g,'L) is a subgroup T[X^{a}) 
consisting of matrices S G Sp{2g, %) ()3.23p with C = : 

As before, we consider the space W^^J which is the space of equivalence classes of pairs (^Y,{a}), 
where X = (£, /) is a covering of genus g, and degree d with simple branch points, and {a} is a choice 
of a subspace of dimension g in Hi{X,7j) spanned by a-cycles. The subgroup Bj^\x) coincides with 
the fundamental group of the space W^^J with the base point given by the pair {X, {a}): 

BP{X) = n, (?^W,(A',{a})). 

The role of the subgroup B^^^X) in our context is the following: this subgroup consists of braids 
which not only map the covering X to a holomorphically equivalent covering, but also preserve the 
canonical bidifferential W. This follows from the normalization of W{P,Q): W{-,Q) = for all 
a = l,...,g. 

Therefore, any transformation a € Bj^\x) preserves the coefficients (I3.10p of the Fuchsian linear 
system (j2.7p . (|2.8p . However, the solution $ of the system (|2.7p . (j2.8p may transform under the action 

of any braid a € Bj^\x) to a new solution of the same system, which differs from <I> by a right 
monodromy factor M°'{{a}) independent of A and {Xj} (but dependent on the choice of the subspace 
spanned by a-cycles): 

^.'^ = '^M" , a G bP{X). (5.2) 

One therefore obtains a monodromy representation of the fundamental group bP{X) of the space 
nl'^j in GL(L,C). 

The corresponding group, which we call the braid monodromy group of the Fuchsian system, will 
be denoted by M'^"^ (the index {a} indicates that this group may depend on the choice of the subspace 
of a-cycles). This group is of course different from the monodromy group Ai of the Fuchsian system 
discussed above in Section HI 

It seems rather hard to study the groups M'f"^ explicitly for general coverings: even description of 
the subgroup of the braid group preserving a given covering seems to be not known in general. In the 
case of hyperelliptic coverings every braid from Bf^f preserves the covering; however there remains the 
problem of describing the subgroup of the braid group which preserves the chosen subspace spanned 
by a-cycles. 

Here we restrict ourselves to the simplest case of the space 7^1,2(15 1) which consists of two-sheeted 
coverings of genus 1 with four finite branch points Ai, . . . , A4 and give an explicit description of the cor- 
responding group M'f"^. In particular, we shall show that in this case the groups M'f'*^ corresponding 
to different choices of the a-cycle are isomorphic to each other. 

5.2 Genus one coverings of degree 2 

The braid group B4 on 4 strands has three standard generators: ai (interchanging Ai and A2), o"2 
(interchanging A2 and A3) and (T3 (interchanging A3 and A4), see Figure [2j These generators satisfy 
the standard relations a\a2(y\ = o"2(Ti(T2, (T2(T3(T2 = <73<720"3 and aia^, = a^ai. 
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1 k k+1 N 

Figure 2: Generators ak of the braid group B]\f acting on critical values Afc. 

Note that although every element of B4 preserves the covering X, there are two ways of identifying 
the initial covering and the transformed one due to the existence of the nontrivial automorphism of 
X, which interchanges the sheets. However, in our case we have an additional marking of the sheets 
of X, namely, the choice of the contour li encircling the point oo*^^^ on the first sheet of the covering. 
We therefore have a natural choice of identification of two coverings - we identify the sheets in a way 
that the contour li stays on the first sheet. 



b 




Figure 3: Basis cycles on two-sheeted covering of genus one with four branch points 

We thus get a group homomorphism (which we denoted by h) from B4 to 5^(2, Z). 

Let us choose a canonical basis of cycles (a, b) on the covering X as shown in FiglSl Then the 
action of the generators cri and (T3 on X is a Dehn half-twist with respect to the cycles a and —a, 
respectively; for (J2 it is a Dehn half-twist along the 5-cycle. 

The Picard-Lefschetz formulas (see for example J16j, Th. 24.3) give the following transformations 
of a contour / G Hi{C) under such an action of o-j: 

(Ti : I ^ I + {I o a)a; (T2 : / 1— > / + (/ o 6)6; (T3 : / / + (/ o a)a, (5-3) 

where (/ o 7) stands for the intersection index of two contours / and 7. 

Thus we get the images of ai in Sp{2, Z) (acting on the column (6, a)^): 

A := Ha,) = ( J ) , B := Ka^) = ( J J ) , Ka,) = h{a,) . (5.4) 

The transformations (j5.4p can also be obtained by an appropriate deformation of the elliptic curve in 
Figure O In FigH] we draw the deformation of the a- and 6-cycles induced by the action of ai on the 
set of branch points of X. 

From (j5.4l) we see that h{ai) and h{a2) span the whole group Sp(2,Z) since 

h{a2a,a2) = ( J "^^ ) , h{a^') = ( J } ) (5-5) 
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(Ji[b] = b — a 

Figure 4: Action of generator cji on basis cycles. 



are the standard generators of Sp(2,Z). 

We are now in a position to formulate the following 

Lemma 2 The group B^"^^ (X) corresponding to the choice of the basis cycles shown in Figure is 
the subgroup of the braid group B4 generated by the elements ai, (T3, cr|(Ti(T2 and (T|cr3(7|. 

Proof. We need to identify the preimage under h of the subgroup U of upper triangular matrices 
in Sp2(Z), i. e., the subgroup generated by the matrices 




and /i((7|o"icr|; 



-1 




Let us denote the second braid from (15. 6p by 6* := frlfTifrl. Then we have 

U={h{ai), h{e)) . 



(5.6) 



(5.7) 



Due to the equality /i(cr3) = h{ai) (see (|5.4p ). we can factorize the braid group B4 over the relation 
o"! = (T3 when we study the image of the braid group under h. In other words, for our purposes, we 
need to consider the braid group B3. 

Let us denote by /i : B3 ^ Sp2(Z) the restriction of the homomorphism /i to B3. We claim that 



(5.8) 



To prove (|5.8|) we show that the kernel of /i is a subgroup of the group {ai,9). Indeed, consider the 
composition F o : B3 — > PSL(2,Z), where F : Sp(2,Z) PSL2(Z) is the factorization over plus or 
minus the identity matrix. Let us first show that 



Ker(Fo h) = {{cr2(^iO'2) 



(5.9) 



where the last equality, the fact that the center Z(B3) of the braid group is generated by (c720"i(T2)^, 
was obtained in [24]. 

From (jS.Sp we get the inclusion ((cT2CTicr2)^) < Ker(F o h). 

Now, since B3 is a central extension of PSL2(Z), we have the isomorphism PSL2(Z) — B3/N, where 
is a subgroup of the center Z{B^) of the braid group. On the other hand, groups PSL2(Z) and 

B3/Ker(F o h) are isomorphic. Therefore, Ker(F o h) is isomorphic to a subgroup N of ZiB^) and 

thus, due to the above inclusion Z(B3) < Ker(F o h), equality (j5.9p holds. 
It is easy to verify that /i((o"2cricr2)^) = — /; thus 



Ker{h) = ((fT2fTi<T2)^) 
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(5.10) 



We thus have the inclusion Ker(/i) < (o"i, 6), which follows from (|5.1U|) and the relation {(72(^1(^2)^ = 
(o"!^)^. This inclusion and the fact that every upper triangular matrix can be obtained (see (|5.7p ) 
as an image under h of some braid from the group {(Ti-,9) implies that every braid mapped to an 
upper triangular matrix by h belongs to the group {ai,6), i.e., (jS.Sp holds. Now using the relation 
h~^{U) = h'^^iU) / {ai = Us}, we complete the proof. 

□ 

Remark 6 If we start with a choice of an a-cycle different from the one shown in Figure [3l the 
fundamental group vri (£, /, {a})^ will be a different subgroup B^f'^ of the braid group B^. 

However, by virtue of the result in [Ij, for any two cycles a and a there exists a braid a £ B4 such 
that the transformation h{a) in the homology group Hi{C,'Ii) takes a to d. Then it is straigtforward 
to see that the two subgroups of B4 are related by conjugation, i. e., B^""^ = aB^^^a^^. 

Now we compute the braid monodromy matrices for the solution ^ = (<I)')'i>2 ^ <^/i ^ <j)a^ <^fc^ (j3.17p . 
i.e., the transformations of ^ induced by the braids from the group bI"^ := bI^^CJ). Note that 
only the contours of integration change in the solution $(A) under these transformations, since the 
bidifferential W{P, Q) remains invariant. 

Let us choose the contour 71^2 as in Appendix lA.il see Figure [6] below. In other words, for the stan- 
dard basis {7fc}t=i P-ip in the fundamental group of the punctured sphere 7ri(CP"'^\{Ai, . . . , A4, cxd}, Aq) 
with some base point Aq, we consider lift '•^^ (71), the lift of 71 to the first sheet of the covering. Then 
we take 71.2 to be a deformation of lift^"^'*(7i) which takes the end points Ag^'^^ to A^"*^'^-*, respectively. 

From the action of the generators cTj of the braid group on the loops {'^k}k=i i^ CP^, 

(yiili) = li+i, = li+iiiii+i, (5.11) 

we get the action of the generators of B^^ on the contour 71^2- Namely, using the invariance of the 
points Aq^'' and cxd^^^ under the action of the braids on the covering, we have 

0-1 : 71,2 ^ lift^^^72; o"3 : 71,2 ^ 71,2; 

cr|cricr| : 71^2 ^ lift^^^ (73^^7273); C7|cr3a| : 71,2 ^ 71,2- (5.12) 
Drawing the contours on the covering, one sees that 

lift(i)72 = 71,2 -a + h and lift(^H73^S273) = 7i,2 - a + /i - 26. (5.13) 

Note that the action induced by the braids from b'^''^ on the a- and 6-cycles is only partially 
described by the matrices h{ai) (j5.4p . since these matrices give the transformation of the contours in 
the homology space Hi(C, Z). Now we need to find the transformation of the contours in the relative 
homology space Hi{C \ f^^{oo); f~^{X)). 

To compute this transformation we proceed as follows. The a- and 6-cycles can be written in the 
form: 

a = lift«(7473), 6 = lift W (7273). (5.14) 
Note that lift^^^ ilili) is a closed contour encircling the ramification point Pi and is thus trivial in Hi{C\ 
/-i(oo); /-^A)). Therefore, we have, for example: h = lift(^)(7273) = lift^^^ (72-^3) = lift^^^ (72-^3"^ )■ 
Using this observation, (IS.llj) and the invariance of the point Aq^^ under the transformations, we get: 

ci : a 1-^ a; (T2 : a 1-^ a + 6; : a ^ a; 

(Ti : 6 I— > 6 — a + /i; cr2 : 6 1— > 6; 03, : h ^ b — a. (5.15) 
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Let us prove, for example, that ai induces the claimed transformation on the 5-cycle: from (|5.14p 
we get that the contour b is mapped to lift^^^ ((Ti(7273)) = lift^^''(7^"'^7i7273) = lift^^^ (72717273) = 
lift^"^^(727i) + b = —a + li + b, where the last equality is obtained by noting that lift'^"^^(727i) is the 
contour encircling counterclockwise the points Pi and P2 on the second sheet of the covering. 
Now for the action of the remaining generators of bI°'^ we find: 



cr2(Ti(T^ : b 1-^ —a 



-a + 2li; 
-b + h; 



a\(yiO^ : a —a; 



a^a-^a"^ : b ^ —a 



b. 



The contour li stays invariant under our transformations. 
We thus proved the following 

Theorem 7 Consider the Hurwitz space TLg'^J{l, 1) of two-fold elliptic coverings with the choice of the 
canonical homology basis as in Fig. Then the braid monodromy group M({a}) of the corresponding 
solution ^ = (^>i'i'2, ^>'i, ^>^) pT7| j to the Fuchsian syst em \2. Ii2. <§j] is generated by the following 
monodromy matrices: 



( 
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these matrices define the group homomorphism from the subgroup 
of the braid group i?4 to GL(4, Z). 



{a} 





-1 

-1 / 



2 2 2 2\ 
CJ|criO-|, CJ|cr3C7|) 



5.3 Action of braid group on monodromy matrices 

Here we discuss the action of the braid group on the set of monodromies of our solution <I> to system 
(EH), (USD . 

The action of the braid group on the sets of monodromy matrices was used in [141 [4] to study the 
algebraic solutions of the Painleve VI equation. Finiteness (up to a simultanous conjugation) of the 
orbit of the action of the braid group on the set of monodromies of a given Painleve VI equation is a 
necessary condition for algebraicity of the corresponding solution. 

Although an analogous result seems to be not explicitly formulated for the Schlesinger systems of 
an arbitrary dimension with an arbitrary number of singularities, it is instructive to see how the braid 
group acts on the set of monodromies of the function <I>. 

Let us briefly recall how Bj^ acts on monodromies {Mj} of an arbitrary Fuchsian system of the 
form (jl.ip . Choose the standard set of generators of 7ri(CP^ \ {Ai, . . . , Aat, 00}) satisfying relation 
()2.ip : then the monodromy matrices satisfy ()2.2p . 

The action of the generator € Bn on the generators of 7ri(CP^ \ {Ai, . . . , Aat, 00}) looks as 
in (|5.1ip: o-fc(7fc) = Tfc+i ; (Tki-fk+i) = 7fe+i7fc7fc+i; crfc(7j) = 7j for j k, k + l. 
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Therefore, under the action of cr^, the set of matrices {Mj} transforms into the set {Mj''} where 




M^'Mk+iMk 



fe+i ~ 



Mk 



3 ' 



j^k,k + l. 



(5.16) 



Recall that the subgroup of consisting of the braids which map the covering X to an equivalent 
one was denoted by B^i'^)- The index of Bn{X) in Bn is finite; it is given by the number of 
inequivalent coverings with simple branch points of given degree and given ramification at oo - the 
Hurwitz number, which is denoted by hg ^iki, . . . , km)- 

The following theorem is a simple corollary of Theorem O 

Theorem 8 Let a G B]^(^X\ Suppose the action of a on the chosen basis s = (si,...,S7v) in 
Hi{C \ f^^{oo) , /~^(A)) is defined by a matrix Ra, i.e., u : s i— > si?o-. Then a acts on monodromy 
matrices of solution Iji3.14\ ) to the system \2. 7\ ), 112. 8\) by simultaneous conjugation with the matrix R^: 



Proof. An action of a may result in a transformation of a basis (a^, b^) in Hi{C) used to normalize 
W and the basis {s^} in Hi{C \ /~^(oo) , /~^(A)). It may also change signs of some of distinguished 
local parameters. A transformation of (aa,ba) results in a change of normalization of W; according 
to Theorem [3l the induced action on $ is given by a Schlesinger transformation with the matrix 1 — T 
p.26p . and, therefore, does not change the monodromy matrices M^. A change of signs of some of Xj 
corresponds to multiplication of ^ from the left by a constant matrix Y, which does not change the 
monodromy matrices either. 

A transformation of the basis {s^} leads to the right multiplication of the solution with the matrix 
Rij (I3.25P which implies the transformation ()5.17p of monodromy matrices. 

□ 

Let us introduce the equivalence relation ~ on the space of the sets of monodormy matrices: two 
sets {Mfc} and are called equivalent if there exista a matrix J such that = JMkJ~^ for all k. 
Theorem m implies the following immediate corollary: 

Corollary 2 Consider a covering X € Hg^d{ki, . . . ,km), choose some Lagrangian subspace {a} of 
a-cycles and a basis {sj} in Hi(/l\f^^{oo) , /^^(A)); define function $ by ^3.141 ) and denote the cor- 
responding monodromy matrices by {Mi, . . . , Mjv}. The braid group B^ acts on the set {Mi, . . . , Mat} 
according to i5.16\) . Then the number of inequivalent (modulo equivalence relation ~J sets of N matri- 
ces obtained by the action of B^ on the set {Mi, . . . , M^v} equals the Hurwitz number hg^di^i, • • • , km)- 

Proof. Recall that the Hurwitz number equals the number of inequivalent simple d-sheeted cover- 
ings whose branching at oo has the type {ki, . . . , km). According to Theorem [8l if u G B]\f{X), then 
the initial set of monodromy matrices is equivalent to the set of monodromies obtained by the action 
of an element a of the braid group. 

Conversely, consider two coverings, X and X with the same sets of branch points, denote corre- 
sponding solutions of the Fuchsian system by $ and <I> and the sets of monodromy matrices by {M^} 
and {Mk}, respectively. Assume that the sets {Mk} and {M^} are equivalent i.e. there exists a matrix 
T such that M^ = TM^T^^. Since matrices 



M^ = {R„)-^MkR„ . 



(5.17) 
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have upper block-triangular structure, the matrix T must have the same upper block-diagonal struc- 
ture. Namely, denote the lower off-diagonal block of the matrix T hy Tq. Then relation = TMkT~^ 
implies that Tq = Sfc?o for all k, i.e. each non-vanishing column of Tq is an eigenvector with the eigen- 
value 1 of all matrices simultaneously. Using the explicit form ()A.6p . (jA.lOp of the matrices 
one easily sees that this is impossible i.e. Tq = 0. 

Denoting the lower diagonal block of the matrix T by Ti we see that = TiYj^T^^ for all k. On the 
other hand, the group generated by {S^} is isomorphic to the monodromy group of the corresponding 
covering. Since the groups generated by {S^} and by {S^.} are isomorphic, corresponding monodormy 
groups of the coverings X and X are isomorphic, too, and these two coverings are equivalent. 

□ 

6 Concluding remarks 

Present work poses a number of interesting questions. 

• According to the general idea of the work by Dubrovin and Mazzocco |14] , finiteness of the orbit 
of the action of the braid group on the set of monodromy matrices of a Fuchsian system is the 
necessary condition for the algebraicity of the corresponding solution to the Schlesinger system 
(see also [1]). For the solutions to the Fuchsian system coinstructed here, these numbers are finite 
and equal to the Hurwitz numbers hg (i[ki, . . . , k^n)- Therefore, it seems natural to expect that 
all solutions to the Fuchsian linear system discussed in this paper, as well as the corresponding 
solutions to the Schlesinger system, are algebraic, which would reflect the algebraic nature of 
the Hurwitz spaces. To find a complete proof of this fact would be an interesting problem. 

• In another work |15j by Dubrovin and Mazzocco the idea of reducibility of Schlesinger systems 
was developed : a solution to a Schlesinger system is called reducible if it can be expressed in 
terms of solutions to Schlesinger systems with smaller number of singularities or lower matrix 
dimension. In particular, it was proved that if all monodromy matrices have the same block- 
triangular structure, than the solution is reducible. Since all monodromy matrices of the N x N 
Fuchsian systems considered here have the structure of this type, their solutions should be 
expressible in terms of solutions of lower-dimensional {d — 1) x (d — 1) Schlesinger system with 
the same number of singularities {N = d — 1 only in the case of the space of polynomials of 
degree d); the monodromy matrices of this (d — l) x (d— l)-dimensional system are supposed to 
coincide with matrices Ej from (14. 3p . 

It is natural to ask how does the solution to the corresponding {d—l)x{d— 1) Riemann-Hilbert 
problem look like and what is the corresponding Jimbo-Miwa tau-function. Is it different from 
the Bergman tau-function? 

• In this paper we solve the Fuchsian systems corresponding to the value q = —1/2 from the one- 
parametric family of Fuchsian systems arrising from the Frobenius structures on Hurwitz spaces, 
while the system used by Dubrovin in [l2j has q = 1/2. In principle, one could get a solution 
to Dubrovin's system by a simple differentiation of the solution $ to our system; however, since 
generically some of the columns of our matrix <I> are constants, in this way one does not get 
a complete set of solutions to the system with q = 1/2. Therefore, there arises a problem of 
finding the missing set of vector functions satisfying Dubrovin's system. 
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• Two solutions to the Fuchsian system are equivalent up to a multiplication with constant factors 
from both sides if the corresponding coverings are equivalent as elements of the Hurwitz space 
Hg^^{ki, . . . ,km)- The fundamental group of this space is a subgroup of the braid group which 
preserves the the covering together with the Lagrangian subspace spanned by the a-cycles in 
the homologies. In this paper we described this subgroup in the simplest case of two-sheeted 
coverings of genus 1. An extension of this result to hyperelliptic and more general coverings is 
an interesting problem. 
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A Explicit form of monodromy matrices 



Here we compute the explicit form of monodromy matrices of our solution of the the Puchsian system 
A.l Spaces of meromorphic functions with simple poles 

Consider the Hurwitz space TLg-dO--, •••)!) of functions with d simple poles and simple critical points 
on a Riemann surface of genus g. The branched covering C corresponding to such a function has 
N = 2g + 2d — 2 finite branch points Xj and no branching over A = oo; the covering C can be defined 
by a choice of generators of the fundamental group 7ri(C \ {Ai, . . . , Ajv}, Aq) of the base of the 
covering and a set of elements of the symmetric group assigned to these generators. For an explicit 
computation of monodromy matrices of the solution (I3.14p . (j3.17p to the Fuchsian system (j2.7p . (12. Sp 
it is useful to represent the branched covering £ in a standard form. For that purpose we make use of 
Clebsch's result ([8], see [l7] for the modern exposition) stating that one can always choose generators 
{jj} of 7ri(C \ {Ai, . . . , Aiv}, Ao) satisfying (j2.ip in such a way that the loop 7j encircles only the point 
Xj and the set of the corresponding elements € of the monodromy group of the covering has the 
form: 

ai,...,aj, = (l,2),(l,2),...,(l,2),(l,2),(2,3),(2,3),(3,4),(3,4),...,(d-l,d),(d-l,d) , (A.l) 

where the first transposition (1, 2) occurs 2g + 2 times at the beginning and the other transpositions 
+ 1), J > 2, each occur twice, in order. Such a covering can be visualized as a hyperelliptic 
Riemann surface of genus g with d — 2 Riemann spheres attached to it, see the Hurwitz diagram from 
Figure [H 

Assume the canonical homology basis to be chosen on the hyperelliptic part of the Riemann surface 
in the standard way, i.e., the cycle Ua encircles the ramification points P2a+i, P2a+2 on the second 
sheet, and the cycle ha goes around the points P2 and i-2a+i, see Figure El Assume also that the 




1st sheet 2nd sheet 

Figure 5: Canonical homology basis for a hyperelliptic curve. 

branch cuts are chosen to connect the points P2k-i and P2k for A; = 1, . . . , g + d — 1. 

It is convenient also to consider a basis of contours in the space Hi{C \ /^^(oo) ; /~^(A)) different 
from the basis (j3.1ip - (|3.13p . Namely, assume the contour 71,2 (A) (see (j3.13p ) to go around the point 
Pi when passing from the first sheet to the second, i.e, 71^2 = hft*'"'^''(7i), the lift of the generator 
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7i G 7ri(C\{Ai, . . . , Ajv}, Ao). Analogously, forn = 2, . . .,d-l we assume 7„,n+i( A) = lift("')(72g+2n-i), 
i-e., 7ri,n+i(A) passes from nth to (n + l)st sheet of the covering by going around the point P2g+2n-i- 
Recall from Section [^TT] that there is a homomorphism T : 7ri(C \ {Ai, . . . , X^}, A) Ant[Hi{C \ 
f~^{oo) ; /~^(A))]. Let us denote the images of the generators 7^ of the fundamental group under T 
by Tx,. 

Then Tx-l^n^n+i] is the transformation of the contour 7n,n,+i(A) as A goes around Xj on the base 
of the covering. Let us take the basis in Hi{C \ /^^(oo) ; /^^(A)) formed by the following 2g + 2d — 2 
paths on the surface C: 

Sj := i (71,2 + Tx^ [71,2]) , for i = 2, . . . , 25 + 2; (A.2) 

S2g+2n ■= | {ln,n+l + Tx2g+2n [7n,n+l]) , for 71 = 2, . . . , d - 1; (A.3) 

7n,n+i(-^)) for n = 1, . . . ,(i - 1. (A.4) 

The factor of 1/2 is introduced for computational convenience in what follows. Note that the paths 
2Sk (|A.2p - (lA.3p are closed contours on the surface. 

In this section we compute monodromy matrices for the fundamental matrix-solution to our Puch- 
sian system (12. 7j) . (12. Sp . associated to the Hurwitz space TLg-di^, ■ ■ ■ whose columns are the vector- 
solutions (j3.14p with integration contours s given by the above basis ()A.2p - (|A.4p in this order. 

The monodromy matrices of the solution $(A) (j3.14p with integration paths ()A.2p - ()A.4p in the 
given order still have the structure (j4.3p . where the number m of pre- images of the point at infinity 
equals d, the degree of the covering. The monodromy matrices are determined by the transformations 
of the contours (|A.2p - (|A.4p in the relative homology group Hi{C \ /~^(oo); /~^(A)) which occur as 
the point A describes the loops 7^ on the base of the covering (i.e., under the automorphisms Tx^)- 
The first 2g + d — 1 columns of the matrix $ remain unchanged under these transformations. 

We now look at the transformations of the last d — \ columns of the matrix $(A) given by the 
integrals (13.141) over the contours 7n,n+i(A) with n = 1, . . . ,d — 1 and find the corresponding Sk and 
Sfc (see g31)) ioT k = l,...,2g + 2d- 2, 00. 

Monodromy matrix Mi. 

When A travels along the loop 71 on the base, the contour 71^2 transforms to —71,25 as shown in 
Figure [6j Note that the sum of the two contours in Figure [6] is the closed contour encircling the point 
Pi; this contour is trivial in the space Hi{C \ f^^{oo)] f^^{X)). 




glieet 2nd sheet 

Figure 6: The transformation of the contour 71,2 corresponding to the monodromy matrix Mi. 

As is easy to see, the contour 72,3 becomes the sum 72,3 + 71,2 under the automorphism Tx^ ■ The 
other contours 7n,n+i with n > 2 do not change. Thus, the monodromy matrix Mi has the form 

Mi = [\'-' I), (A.5) 
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where Si is the following d — 1 x d — 1 matrix 



/ -1 1 . 

10. 

1. 

V . 



\ 




1 J 



(A.6) 



Monodromy matrix M2. 

The image of the contour 71^2 under Tx^ G Aut[i/i(£\/^^(oo) ; /^^(A))] is shown in Figure [71 Let 




+ 



Pi 




/' Pi 



1st sheet 2nd sheet 

Figure 7: The transformation of the contour 71^2 corresponding to monodromy around A2. 

us denote the closed contour encircling the branch cut [Pi,P2] counter-clockwise on the first sheet, 
the closed contour from Figure [71 by ^12- The sum of the non-closed contour in the right hand side 
in Figure [7] and 71^2 (the contour —71,2 from Figure [6l with inverse orientation) is a closed contour 
encircling clockwise the branch cut [Pi,P2] on the second sheet, i.e., again the contour .4i2. By ()A.2p 
we have Ta2[7i,2] = 2^2 — 71,2- Thus, we get ^2 = ^12, see Figure [51 

P2\ 

1st sheet 

Figure 8: The contour ^2 

The transformation of the contour 72,3 under is shown in Figure [H From the figure we see that 
the sum of the contour [72,3] and the the non-closed contour from the right hand side of Figure [7| 
gives 72,3- In other words, rA2[72,3] = 72,3 + 7i,2 - ^2. 

The paths 7n,n+i with n > 2 remain unchanged when A goes around A2- Thus, the monodromy 
matrix M2 has the form: 

M,= {^''^1'~' I), (A.7) 
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72,3 






1st sheet 2nd sheet 3rd sheet 

Figure 9: The transformation of the contour 72 3 corresponding to monodromy around A2- 
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Similarly, we find other monodromy matrices corresponding to the ramification points on the hyper- 
elliptic part of the surface. 

Monodromy matrix M;^2fe+i for 1 < k < g. 

The contour 71^2 as its end points go counterclockwise around the point A2fc+i, I < k < g, results 
in the contour shown in Figure [10] for k = 1, . . . , g + 1. As before, the paths on the first sheet are 
drawn with dash line and solid line corresponds to the second sheet. The sum of the original contour 
71^2 and the non-closed component in the right hand side in Figure fTOl gives a closed contour equivalent 
to 2bk- Since due to ()A.2p ^^2^+1 [71,2] = 252A;+i — 71,2, the closed contour in Figure [TOl encircling the 
first k branch cuts counter-clockwise on the first sheet is equivalent to S2k+i — bk, see Figure [TT] 

The transformation of the contour 72,3 uner Tx^^^^^ G Aut[Hi{C \ /^^(oo) ; f^^{X))] is shown in 
Figure [T2I Note that after subtracting 71^2 and 72,3 from the contour in the right hand side of Figure [T2| 
we get the contour equivalent to -S2k+i (see FigureE]). Therefore, Tx^f^^-^[j2,3] = 7i,2 + 72,3 - S2k+i- 

The remaining paths 7n,n+i with n > 2 do not change under TAjt+i • 

Monodromy matrix Mx^^,^^ , 1 < k < g . 

Analogously, the image ?A2fc+2[7i,2] of 7i,2is shown in Figure [T3l As is easy to see, the first closed 
contour from the right hand side in Figure [13] is equivalent to the sum of the other two closed contours. 
On the other hand, from ()A.2p . we have ^^2^+2 [71,2] = 252fc+2 — 7i,2- Thus, the basis contour 52^+2 
has the form given by Figure [14] 

Similarly, from Figure [l5] we see that Tx^^^^[-i2,z] = 71,2 + 72,3 - S2k+2- 

The contours 7n,n+i with n > 2 do not change under the automorphism Tx^^^^- 

Hence, we obtain the monodromy matrices M„ in the form: 



Mr, 







Sn 
Si 



2 < n < 25 + 2. 



(A. 
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2k+2 



+ 



P' 



2k-l - 



P 



2k+l 




2k+2 



Figure 10: The transformation of the contour 71^2 corresponding to monodromy around X2k+ik > 1- 



where 



Sn 



/ 


2-10 





\ 





/ 



V 

Here, Si is the {d — 1) x (d— 1) matrix given by ()A.6p . and the nontrivial row in the block above the 
diagonal is the the (n — l)st one, i.e., the row corresponding to the integra^tion contour Sn. 



P2 



p 



2k ^ 



>2/;+l 



+ h 



\ Pi 



P2k-1 



1st sheet ^ ^ k < g 

Figure 11: The basis contour 52A;+i. 
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1st sheet 2nd sheet 3rd sheet 

Figure 12: The transformation of the contour 72,3 corresponding to the monodromy around A2A;+i- 



Monodromy matrix 



2<k< d-1. 



The automorphism 7A2g+2fc-i transforms the three contours 7fc-i,A,.(A), jk,k+iW, 7fc+i,fc+2(A) - those 
passing through the A:th and (k + l)st sheets. The contour 7^,^+1 transforms to — 7A:,fc+i similarly 
to Figure El The contours jk-i,k and jk+i,k+2 transform to 7fc_i,fc + 7fc,fc+i and 7fc,fc+i + 7^+1,^+2, 
respectively. 

The monodromy matrix thus has the form: 



M' 



2g+2k-l 



hg+d-l 








2<k<d-l. 



(A.9) 



Here, S2g+2fc-i is the (d — 1) x {d — 1) matrix, corresponding to the permutation of the sheets of the 
covering, associated to the branch point X2g+2k-i - the matrix is given by 



^23+2fc-l 



/ 1 









1 

1 -1 1 

1 





\ 





1 / 



2 < /c < d- 1, 



(A.IO) 



where the nontrivial 3x3 diagonal block is formed by the rows from {k — l)st to {k + l)st and the 
respective columns. 

Monodromy matrix Mx^^^^^, , 2 < k < d — 1 . 

The same columns of the matrix <1*(A) transform, when A describes the loop 72g+2fe7 A; > 2, on the 
base of the covering. 

The transformation of ^k,k+i under 7^29+2*; analogous to that in Figure [71 where the ramification 
points are -Pjfe-i and P2k instead of Pi and ^2, respectively. Since from IA.31 we have T\^^^^^[yk,k+i\ = 
252g+2A: — 7fc,fe+i5 we see, similarly to Figure [HI that the basis contour S2g+2k is equivalent to the closed 
contour encircling the branch cut [P2g+2k-i-, P2g+2k] on the feth sheet, see Figure [TBI 
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Figure 13: The transformation of the contour 71 2 corresponding to monodromy around \2k+2- The 
parts of the contours lying on the first sheet are drawn with dash line, the ones on the second sheet 
with solid line. 



The transformations of ^k~i,k and 7fc+i,fc+2 under Tx^^^^^ are shown in Figures [l7] and [HI respec- 
tively. 

The sum of the contour in the right hand side of Figure [l7] and the contour —'yk,k+i is equivalent 
to ^k-i,k plus the contour encircling the branch cut [i-*2g+2fc-ii P2g+2k] clockwise on the kth sheet (we 
use the triviality of the contour encircling one ramification point). Therefore, we get Tx^^^,^^, ["fk-i.k] = 

lk-l,k + 7fc,fc+l — S2g+2k- 

Analogously, adding — 7^,^+1 to the contour in the right hand side of Figure [18] we get ^k+i,k+2 
plus a closed contour around the branch cut [P2g+2k-i, P2g+2k] oriented clockwise on the kth sheet. 
Thus the contour 7A:+i,fc+2 transforms to 7fc+i,A:+2 + lk,k+i - ■S2g+2k as A describes the loop 72^+2*; 
around X2g+2k- 

The monodromy matrix thus has the form: 



2g+2k 



where 



'2g+2fc 



hg+d-l 

S23+2fc-l 



2<k<d-l. 



(A.ll) 
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The nontrivial row in the block above the diagonal is the {2g + A;)th one, i.e., the row corresponding 
to the integration contour S2g+2k] the nonzero columns being the {k — l)st, kth. and {k + l)st. The 
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1st sheet ^ < k < g 

Figure 14: The basis contour 52^+2 



{d — 1) X (d — 1) matrix S2g+2fc-i is given by (|A.10p . 
Monodromy matrix Moo- 

As A goes counterclockwise around the point at infinity, each contour 7fc,fc+i transforms to 'yk,k+i — 
Ik + 4+1, where the contour Ig (|3.12p is a closed contour around the point oo^^^. We need to express 
these contours in terms of our basis (fX2l) - (|Ar4l) . As is easy to see from Figures El [TT| [Ml and [TBI the 
following relations hold in Hi{C \ f~^{oo) ; /~^(A)): 



-S2g+2 + bg = ^(cS; 



'2n+l 



n=l 



^29+4 + <S2g+2 — bg — — ^(52n+l — <S2n) + <S2g+2 — '^23+4, 



■ 'S2g+2k-2 — 'S2g+2k, 
S2g+2d-2- 

Thus, the monodromy matrix has the form: 



n=l 

2<k< d-1, 



where 



hg+d-l Soo 

Id-1 



\ 





(A.12) 

(A.13) 

(A.14) 
(A.15) 

(A.16) 



5o 



-1 




-1 
2 / 
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1st sheet 2nd sheet 3rd sheet 

Figure 15: The transformation of the contour 72,3 corresponding to monodromy around \2k+2- The 
correspondence between style of the hues and sheets of the covering is as in Figure [T2j 



One can check that the monodromy matrices fOl) . (IXTI) . (IXSj) . fOl) . fOT]) . fOBl) satisfy the 
relation M^Mf^dotsMi = I, see (H^]). 

Note that all the above monodromy matrices except for Moo are rank one perturbations of the 
identity matrix, according to the general theory p]3]. 

Note also that the lower (d — 1) x [d— 1) block of the matrix 5*00 is equal to the Cartan matrix of 
the group A^-i- 

A. 2 Spaces of meromorphic functions with poles of higher multiplicity 

Consider the coverings with branching over the point at infinity as the limits of simple coverings when 
some of the branch points tend to infinity. In the covering represented by the Hurwitz diagram in 



sheet k 

2<k<d-\ 



Figure 16: The basis contour S2g-\-2k- 
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lk-l,k 



sheet [k- 1) sheet k sheet [k + 1) 

Figure 17: The transformation of the contour jk-i,k corresponding to the monodromy around A2g+2fc- 

Figure m let one of the points P2g+2k-, I < k < d — 1, tend to infinity without leaving the sheets it 
belongs to, i.e., without crossing any branch cuts. The dimension of the Hurwitz space is thus reduced 
by one. Then in the space Hi{C \ /~^(oo) ; /^^(A)) which corresponds to the covering f : C ^ CP^ 
arising in the limit, we take the basis consisting of the contours (|A.2p - ()A.3P less the contour S2g+2k 
corresponding to the ramification point taken to infinity. Then the matrix '&(A) (j3.14p with integration 
contours given by this basis in the space Hi{C \ f^^{oo) ; f^^{X)), solves the Fuchsian problem (j2.7p . 
()2.8p associated to the Hurwitz space of the coverings / : £ — > CF^ arising in the limit considered. 

As we have seen in the previous section, a basis contour 5„ only plays a role in the corresponding 
monodromy transformation Tx^. Therefore, in the limit P2g+2k oo with 1 < A; < d — 1 the 
monodromies of the solution ^(A) around the remaining finite branch points are obtained from the 
respective monodromy matrices computed in Section lA.ll by deleting the {2g + fc)th row and column, 
which are trivial and which correspond to the disappearing in the limit integration contour S2g+2k- 
In other words, the monodromy matrices M„, n ^ oo, still have the form (jA.SP - (jA.lip computed in 
Section [A.li The monodromy matrix AI^q can be obtained from relation (j2.2p . 

By repeating the procedure for some of the remaining ramification points P2g+2k one can arrive at 
a covering with any number (not exceeding d) of points projecting to A = cxd on the base. 

A. 3 Space of polynomials 

Here we consider a partial case of the Hurwitz spaces from Section IA.21 the Hurwitz space TCo-did) 
with a degenerate ramification over A = oo where all d sheets are glued together, represented by the 
Hurwitz diagram from Figure [T9l This space can be regarded as a space of polynomial functions on 

As before, we assume the generator 7^ of the fundamental group 7ri(C \ {Ai, . . . , Ad_i}, Aq) to 
encircle only one branch point, namely A^. 
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2ff+2fc-l P2g+2k-l 



sheet k sheet (A; + i) sheet [k + 2) 

Figure 18: The transformation of the contour 7^+1 fc_|_2 corresponding to the monodromy around 

^2g+2k- 

The kih. column of the solution $ corresponding to this Hurwitz space is given by the integral 
(j3.14p over the contour ^k,k+i (|3.13p for fc = 1, . . . , d — 1 (the contour ^k,k+i is again defined as the 
lift of the loop 7A; to the fcth sheet, it starts on the klh. and ends on the {k + l)st sheet). Then, as 
A describes the loop on the base of the covering, the contours 71^2, • • • ,7d~i,d change as follows: 
7fe_i^fc becomes 7fc-i,fc + 7fc,fc+i; the contour 7^,^+1 turns into its negative —^k,k+i (as in Figure [6]), 
and 7fc_|_i^fc+2 becomes ^k,k+i + lk+i.k+2- Here we assume that if one of the indexes becomes or d, 
the contour equals 0. 

All other contours 7j,j+i for j ^ k — l,k,k + 1 remain uchanged. 

d ^ ^ 



d-l 



d-1 



3 



2 



1 



P2 



Pi 00 
Figure 19: A Hurwitz diagram for the space Tio-aid)- 
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Thus the monodromy matrices have the fohowing form: 




1 < k < d - 1, 



(A.17) 



where the block M is 



M 




Note that the matrices Mk coincide with the blocks Sjt from (14.3P in this case. The monodromies at 
Ai and A^-i are given by 



Ml 




M, 




-1 



To compute the monodromy at A = oo we note that since the covering surface is of genus zero 
and since the preimage /~^(oo) consists of just one point, all closed contours on the covering are 
trivial in the relative homology space Hi{C \ f~^{oo) , /~^(A)). Therefore, the non-closed contours 
from this space can be characterized by their end points, i.e., any contour connecting points from 
/~^(A) on the A;th and {k + l)th sheet is equivalent to 'yk,k+i up to orientation. Then it is easy to 
see that the monodromy matrix corresponding to the loop 7oo based at Aq and going around A = oo 
counterclockwise has the form: 



/ 
1 
1 



V 



-1 \ 
-1 
-1 



(A.18) 



1 -1 / 



B Completeness of the set of solutions to the Fuchsian system 



Here we are going to prove the completeness of the set of solutions to the system (j2.7p , ()2.8p given by 
formula (|3.14p with the integration contours (|3.1ip - (jS.lSp forming a basis in Hi{C\f~^{oo)] 7r~^(A)). 
The whole section will be devoted to the proof of the following theorem: 



Theorem 9 The determinant of the matrix function ^ defined by Ii3.14\ ), ([3. j7| j is given by: 



det$ = CjJ(A-Aj)^/2^ 

where C ^ is a constant independent of X and {Xj}. 

Proof. Since the function <I> satisfies linear system (12. 7p with q 



(B.l) 



-1/2, we have: 



d_ 
dX 



log det<I> = tr 



A- A. 



45 



where we used the relation tiV = 0. Analogously, from (|2.8|) we get 



— logdet$ = . 

0>Aj A — Aj 

Therefore, det $ has the form (IB.ip with some constant C. What remains to check is that C is not 
equal to 0, i.e., the columns of the matrix ^{X) form a complete set of linearly independent solutions 

to (1221), 

For simplicity, we restrict ourselves to the space of coverings with no branching at infinity, i.e., 
m = d. According to the Riemann-Hurwitz formula we have in this case N = 2g + 2d — 2. 

Let us choose generators of the fundamental group tti{C\ {Ai, . . . , Aat}, Aq) in such a way that the 
corresponding generators of the monodromy group of the covering are given by (jA.ll) . 

The branch cuts can then be chosen to connect the branch points P2k+i and P2k+2, k = 0, . . . , g + 
d — 1. The branch cuts [Pi, P2]) ■ ■ ■ , [P2g+i, -^29+2] connect the sheets number d — 1 and d; the branch 
cut [P2g+3 , ^29+4] connects sheets number d — 1 and d — 2 etc; the branch cut [Pjv-i,Piv] connects 
sheets number 2 and 1. In this way we realize the branch covering X as a hyperelliptic Riemann surface 
of genus g with d — 2 Riemann spheres attached to it. 

Due to Corollary [1] and relations (j4.4p . (j4.6p . the completeness of the set of our solutions to 
the system (12. 7p . (12. 8j) depends neither on the choice of a symplectic basis {aa,ha) used in the 
normalization of the bidifferential W, nor on the choice of a symplectic basis {a^, ha) in (j3.1ip used as 
integration contours in ()3.14p . Therefore, we shall verify the completeness choosing these two bases 
to our convenience. First, we choose them to coincide: {aa,ba) = {sia,^a)- Second, we choose these 
contours to lie on the "hyperelliptic part" of the covering as shown in Figure [5) the cycle encircles 
the ramification points P2a+i, P20+2 on the dth sheet, and the cycle ba goes around the points P2 and 
P2Q+1 • 

Our proof of the non-vanishing of the constant C will be inductive: first we check that C 7^ for 
any covering with d = 2 (i.e., a hyperelliptic covering) of any genus. Second, we check that C remains 
non-vanishing when we attach any number of Riemann spheres to the 2-sheeted covering keeping the 
genus of the covering unchanged. 

B.l Example: two sheets, two branch points 

In this section we discuss the simplest case of rational functions / of degree two with simple poles, 
whose equivalence classes form the Hurwitz space 7^o,2(l;l)- Up to a Mobius transformation in the 
7-plane, any degree two rational function with critical values Ai and A2 is equivalent to the function 

/(,) = ^(, + i)+^. (B.2) 

The function 7(7) (|B.2p defines a two-sheeted genus zero branched covering X of the Riemann 
sphere with two branch points Ai and A2; this covering is the Riemann surface of the function 
Y^(A — Ai)(A — A2). For simplicity, in this section we identify the ramification points Pi ^2 with the 
corresponding branch points Ai,2. 

The uniformisation map, i.e., the map from the covering X to the Riemann sphere, is given by the 
function 

^(^) = x^2 " + V(A-Ai)(A-A2)} ; (B.3) 
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the value of A together with the sign of the square root y^(A — Ai)(A — A2) determines the point 
P £ X. The functions / ()B.2p and h ()B.3P are related by / o /i (A) = A. In terms of the function h 
the bidifferential W has the form: 

The relative homology group Hi{C \ /^^(oo) ; /^-"^(A)) is in this case two-dimensional; a basis in 
this group can be chosen to consist of a closed contour Si := /i around 00 '•^^ (j3.12p . and a contour 
^2 '■= 7i,2(A) (|3.13p connecting in some way the points A^^^ and A^^^; we shall choose 71, 2(A) to consist 
of two segments: the first segment lies on the first sheet and connects the points A^^^ with the branch 
point Ai; the second interval lies on the second sheet and connects the points Ai and A*-^-*. 

If one of the arguments of the W coincides with a branch point (see ()3.8p ). we get from ()B.3p . 
(fR4]l and (IXTnD : 

^(^'^-)- ^(A-A,3/2;A-A2)V. - (-^) 
H/(A,A2) = ^^^^ 



2 (A-A2)3/2(A-Ai)V2 

(the choice of the sign in these formulas corresponds to the choice of the signs of distinguished local 
parameters near Ai and A2 i.e. the parameters ei and 62). 

Therefore, according to (j3.16p . for the first column of the matrix $ we get: 

= 27riW^(ooW,Ai) = -27ri (B.6) 

cl>^) = 27riiy(oo«, A2) = -27ri (B.7) 

Integration over the contour 712(A) gives the following expressions for the second column of the 
matrix $: 

^^P^ = -^=L= I V(A - Ai)(A - A2) + ^(Ai - A2) log MA)} , (B.8) 

<^t^ = -^7^^ { v/(A - Ai)(A - A2) + ^(A2 - Ai) log MA)} . (B.9) 
Computing the determinant of the matrix function $ (|B.6p - (|B.9p . we get 



det$ = ±87rV(A - Ai)(A - A2). 
B.2 Completeness for the case of two simple poles {d = 2) 

We start by proving a few auxiliary facts related to degeneration of hyperelliptic Riemann surfaces. 
Consider a hyperelliptic Riemann surface Xg defined by the equation 

25+2 

z.2 = n2,+2(A) := J](A-Afc). 

k=l 

We are going to study the behaviour of the bidifferential W under the degeneration of one of the 
branch cuts: we put Aq := A2g+i and consider the limit A2g+2 — > Aq. 
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As a result of the degeneration of the covering Xg there arises the hyperelUptic Riemann surface 
Xg-i of genus g — 1 defined by the equation 



23 

''-U2g{X):=l[{X-Xk). (B.IO) 

fc=i 



Due to the choice of a canonical basis of cycles {aa, ^aj^^i on Xg as shown in Figure [5l the cycles 
{aa,baYa=i in the limit A23+2 — > A23+1 provide a canonical basis of cycles on Xg^i. 

Let us denote by Wg{P,Q) the canonical meromorphic bidifferential W on the covering Xg of 
genus g. Consider the behaviour of Wg{P,Q) in the limit A23+2 — > A2g+i = Aq. According to the 
general theory (see [20]), no second or higher order pole of Wg at Pq arises under such degeneration. 
Since all a-periods of Wg{P, Q) with respect to both of its arguments vanish, and in the limit the ag 
period becomes the residue at Pq, the first order pole at Pq also does not arise in the limit, and the 
bidifferential Wg{P, Q) does not gain any singularity at Pq on Xg-i. At all other points, the singularity 
structure of Wg{P,Q) under the degeneration coincides with that of Wg-i{P,Q). Therefore, if f{P) 
and f{Q) remain independent of X2g+2 and lie outside of a fixed neighbourhood of Aq, we have as 
A2g+2 —>■ Xq : 

Wg{P,Q)=Wg.l{P,Q)+0{l) . (B.ll) 

The analysis becomes more subtle if one of the arguments of W coincides with -P29+1 or -P23+2 : 

Lemma 3 Let f{P) lie outside of a fixed neighbourhood of Xq := A2g-|-i and be independent of X2g+2- 
Then 

Wg{P,P2g-,2) = ^^'^t'~^° {^3-i(^,Po) - H^,-i(P,Po*) +«(!)}, (B.12) 



Wg{P,P2g+i) = ^^^^^{Wg.^{P,PQ) - H^,_i(P,Po*) +o(l)}, (B.13) 

as A2g+2 Xq, where Pq and Pq are the points on the 1st and 2nd sheets of Cg-i, respectively, 
projecting to Xq on the X-plane. 

Proof. The proof of this lemma can be obtained analogously to ([20J, p. 51, 52) using the Ranch 
variational formulas. Consider, for example, ()B.12p . In the hyperelliptic case considered here, the 
asymptotics ()B.12p can alternatively be derived from an explicit formula for Wg{P,P2g+2)- Namely, 
the differential VFg(P, P2C/+2) can be written as follows: 

Wg{P,P2g+2) = W\P)-Y,{i W'Xw^iP), (B.14) 

where 



W\P) := Vn2,(A2, ^2)VA2,+ _^^^ ^^^^^ 

X - X2g+2 2y^n2g+2(A) 

(with A = f{P)) is a non- normalized meromorphic differential having the same singular part as 
Wg{P,P2g+2)] a linear combination of holomorphic differentials in ()B.14p ensures the vanishing of all 
a-periods of the right hand side. 
In the limit A2g+2 Xq we have 

W\P) dX yiMA^ ^^^^^ 



VA23+2 - Ao 2(A-Ao)2yn^ 
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and 



The holomorphic terms in ()B.14p guarantee the vanishing of all periods of the differential {X2g+2 ~ 
Ao)~^/^Wg(P, P2g+2), as well as the vanishing of the residues at Pq and Pq of this differential in the 
limit considered. The coefficient in front of (A — Xq)~'^ in the expansion at Pq and Pq of the differential 
in the limit coincides with that in ()B.16P : therefore, taking into account the normalization condition 
§^^W = 0, k = l,...,g,we arrive at ([BT2]) . □ 
Below we use also the following 

Lemma 4 In the limit X2g+2 -^29+1 := Aq, the following asymptotics hold true: 

i f{P)Wg{P, P2g+2) = vri(A23+2 - Ao)^/'(1 + 0(1)), (B.17) 
Jag 

2^i WgiP2g+2) = {X29+2 - Ao)-'/'(2 + 0(1)), (B.18) 

/ f(,P)Wg{P, P25+2) = (A25+2 - Ao)~^/'(2Ao + 0(1))). (B.19) 

(f f{P)Wg{P, P2g+i) = vri(Ao - A2,+2)'/'(l + o(l)), 

Jag 

27riwgiP2g+i) = (Ao - A2g+2)^'/'(2 + o(l)), 
/ f{P)Wg{P, P29+1) = (Ao - A2g+2)"'/'(2Ao + 0(1))). 

Jbg 

Proof. We prove only the set of formulas involving P2g+2- To prove (|B.17p we make use of the 
asymptotics ()B.12p . which implies as X2g+2 — > Aq 

— ^ , / f{P)WgiP,P2g+2) - ies {f{P)Wg.iiP,Po)} = 1 , 

7ri(A2<;+2 - Aoj^/^ Jag P=Po 

which yields (jBTzl) . 

To prove (jB.lSp . let us write the differential Wg in the form: 

^ (P) = ± \ = f{P), (B.20) 

' 2vri ^(A - Ao)(A - A23+2) ^/^hM' 

where Qg-i{\) is a polynomial of degree g — 1 with coefficients depending on {Afc}. In the limit 
A2g+2 Ao, the differential Wg becomes the normalized Abelian differential of the third kind with poles 
at Pq and Pq and residues +1 and —1, respectively (this follows from the normalization Wa = ^ag)- 

Therefore, if we first take the limit X2g+2 Aq, and then put A = Aq, we get Qg-i(Ao) = ^yIl2g{Xo)■ 
Since from ()B.20p we have 

fp X 1 I Qg-l(A2g+2) 

Wg[P2g+2) - — . ^= , 

^1 V Mg+2 — Mg+1 V ^hg{Mg+2) 

in the limit A2g+2 Aq we arrive at (jB.lSp . 

The asymptotics (1B.19P can be deduced from (jB.lSp and (IB.17P by noticing that the integral 
§b (/(-^) ~ Ao)W^(P, P2g+2) remains finite in the limit A2£,+2 Aq. One should also use the relation 

27r'iu;,(P2,+2) = 4W^(P,P2,+2). □ 

Now we are in a position to prove the following 
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Proposition 5 The constant C in W. 1\) is non-vanishing for d = 2, i.e., for all hyperelliptic coverings 
of genus g (with no branching at oo). 



Proof. For d = 2 the number of ramification points is N = 2g + 2. We prove the proposition by 
induction over the genus of the covering. That is we reduce the computation of the determinant of 
the {2g + 2) x {2g + 2)-dimensional matrix to the computation of the determinant of the 2g x 2g- 
dimensional matrix arising from in the limit X2g+2 ^"ig+i = ^0- The base case of the 

induction, the determinant of the 2x2 matrix-solution $0 corresponding to the genus zero two-fold 
coverings with two ramification points, was computed in Section [B?T} det<^o = iSTTy^ (A — Ai)(A — A2)- 

Consider the 2g x 2g matrix obtained from ^g by crossing out two columns and two rows. The 
crossed out columns are number 2g — 1 and 2g - those given by the integrals (j3.14p over the contours 
Og and bg degenerating in the limit. The two rows correspond to the ramification points P2g+i and 
P2g+2- The resulting matrix, due to (jB.lip . tends in the limit X2g+2 — *■ ^2^+1 to a solution ^g-i given 
by (13.14P to the Riemann-Hilbert problem associated to the hyperelliptic curve (IB.lOp of genus g — 1. 
According to the assumption of our induction, det $g_i(A) 7^ for A G C \ {Ai, . . . , Ajv}- 

Due to Lemma El Wg{P,P2g+2) and Wg{P,P2g+i) tend to as \2g+2 ^2g+i = Aq if f{P) is 
independent of \2g+i and \2g+2- Therefore, the entries of the deleted {2g + l)st and {2g + 2)nd rows 
of the matrix $g not belonging to the deleted columns tend to as )^2g+2 Mg+i- 

Thus in our limit, det $g tends to the product of det ^g-i and the determinant of the 2x2 block 
at the crossing of the deleted rows and columns: 



det^g det A det$g_i. 



where 



lim 



f{P)W{P,P2g+l) 2niWg{P2g + l)X - 4 f{P)WiP,P2g + l] 

:,fiP)wiP,P2g+2] 



iJ{P)W{P,P2g+2) 27TiWg{P2g+2)X-i^ 

Using Lemma m we find the behaviour of det A in the limit: 

7ri(A23+l - A23+2)^/' 2(A2g+l - A2g+2)-^/'(A - Ao) 



det 



vri 



±47r(A - Ao). 



1(^29+2 — ^23+1)^^^ 2(A2g+2 — A2g+l) ^/^(A — Ao) 

The corresponding constants in (jB.ip are thus related by Cg = ±47rCg_i and 7^ if Cg_i 7^ 0. □ 



B.3 Completeness for an arbitrary number of simple poles 

We are going to prove the completeness of our set of solutions for the Hurwitz diagram shown in Fig(TJ 
i.e., the permutations associated to branch points are given by (jA.ip . Then the completeness for an 
arbitrary set of elementary permutations follows from the well-known fact that the space fig-di^, •••)!) 
is connected and independence of the constant C from ()B.ip on A and {Aj}. 

For the coverings defined by ()A.ip we shall perform an induction over the number of sheets without 
changing the genus of the covering X (in this section we denote it by Xd); on each step we detach 
one sheet by a degeneration of one branch cut. Put Pq := P^-i (and Ao := Ajv_i) and take the limit 
Pf^ ^ Pq. In this limit the first sheet of detaches and the d-sheeted covering splits into a (d — 1)- 
sheeted covering X^-i of the same genus with the ramification points {Pk}k=iJ the Riemann 
sphere, which we denote by Xi. Denote the bidifferential W on by W^, on X^-i by W^^i and on 
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Xi by Wi (note that Wi{X, fi) = (A — /i) "^dXdfi). The points in the set / ^(Aq) on the covering we 
denote by Aq'^'* (the upper index indicates the sheet number) . 

Let us prove a few auxiUary facts about this type of degeneration. First, we determine the be- 
haviour of the bidifferential Wfi{P,Q) in our hmit. Assuming that f{P) and f{Q) are independent of 
Ajv and Ajv-i we have the following obvious asymptotics (see [20j): 



WdiP, Q) ^ Wd-iiP, Q) , P,Q£ Xd-i; (B.21) 
dfijP) dfijQ) 

iKP)-KQ)f 

where ^ is a coordinate on the Riemann sphere Xi; and 



Wd{P,Q)^0, PeXa-i, QeCi. 
The next lemma is less trivial. 
Lemma 5 There are the following asymptotic expansions as Pn Pn-i = -Po- 

Wd{P, Po) = ^^°~^^ {^,_i(P, a;,')) + 0(Ao - A^)}, P e Xd.i, (B.22) 

and 

M...,(P,A?)):^^-(^'^) 



dfoiQ) 



v{2) 



where /o is the meromorphic function on Cd~i which defines the covering Xg-ii 

WdP, Po) = ^^°~^^ {iyi(P, A^')) + 0(Ao - A^)}, P E Xi; (B.23) 



and 

) - (MP) - Ao)^ ' 



^ being the coordinate on the Riemann sphere X] 



Proof. Following [20j, Chapter 3, consider a domain Vt C which contains the segment [Po,P/v] on 
both 1st and 2nd sheets, and can be conformally mapped to an annulus by the map 

MA) = (a - ^°±^ + V(A - Ao)(A - A^)| ; 



Ao — Aat 

the union of two banks of the branch cut [Pq, P/v] is mapped by the function h{\) to the unit circle. 
The Laurent series for Wrf(P, Pq) in the coordinate /i(A) in a neighbourhood of the unit circle can be 
written as follows in terms of the coordinate A within the domain 1201: 



T^,(P,Po) = ^==__ ak{T){\-Mfd\ + Y,hk{T){\-Mfd\, (B.24) 
V(A - Ao)(A - Xn) fc=o 

where A = f{P); r = VAat — Aq; coefficients afc(r) and 6a:(t) are holomorphic at r = 0. The first sum 
in ()B.24p starts from k = —1 since Wd{P,Po) has a quadratic pole at Pq. Since the singular part of 
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W{P,Pq) at P = Pq has the form (A — XQ)^^d\^X — Xq, we have a_i(r) = \/Xq — X^ /2. The term in 
the second sum in ()B.24p corresponding to A; = — 1 is absent since the residue of Wd[P-, Pq) at P = Pq 
equals zero. 

Therefore, the differential 

lim \ Wd{P,P(^), P^n, (B.25) 

has a singular part of the form 

in neighbourhoods of Ag^^ and Aq'^^. The term containing the first order pole must vanish since the 
integral of ()B.25p over the (homologous to zero) contour on encircling the branch cut [Po5-P/v] is 
zero; thus the residues of ()B.25P at Aq^^ and Aq^^ vanish. 

The differential ()B.25p does not have any other singularities on either X^-i or Xi; this differential 
has all vanishing a-periods on X^^i. Therefore, we arrive at ()B.22p . ()B.23p . □ 

Lemma 6 There are the following asymptotic expansions as Xn ^ Aa^-i = Aq- 

VAo - Atv r Wd{R, Po) = 2 + 0{Xn - Aq); (B.26) 
Jp 

V^o - Atv f{R)Wd{R, Po) = 2Ao + OiXN - Aq) , (B.27) 
where P £ Xi, Q G X^-i; f{P) and f{Q) are assumed to be independent of Xn- 

Proof. The proof is similar to the proof of the previous lemma. Consider ()B.26p . The integral of 
VFrf(i?, S) with respect to R between the points P and Q is an abelian differential of the third kind 
in S with simple poles at S = P and S = Q and residues —1 and 1, respectively. We denote this 
differential by W^'^{S) := J^Wd{-,S). Since the sum of the residues of the differential Wi{S) := 
liraxj^^Xg W^'^{S) on Xi must vanish, we conclude that Wi{S) has two simple poles on Xi : the pole 
with the residue —1 at S = P, inherited from W^''^{S), and a new pole at X'^\ arising as a result 
of the degeneration, with the residue +1 (the absence of higher order terms of Wi{S) at Aq^^ follows 
from the expansion (|B:241) for W{P,Po)). Similarly, on Xd-i, the differential W^'^{S) tends to the 

(2) 

normalized abelian differential of the third kind with simple poles at 5 = Aq and S = Q and residues 
— 1 and +1, respectively. 

Let us now write down an analog of the expansion (IRM]) for W^'^iS), when S e Q: 

^ oo oo 

W^'^^iS) = = c,(r)(A - Ao)'= dX + Yl dk{r){X - Xo)' dX , (B.28) 

v(A-Ao)(A- Ajv) fc=o 



where A = f{S); as before, r := y/Xo — Xjy; the coefficients Cfc(r) and dkir) are holomorphic at r = 0. 
Both sums in ([R28|) start from A: = since the differential W^'^{S) is holomorphic at = Pq = Pn-i 
and S = Pn- Since in our limit the differential W^'^^iS) gains simple poles at = Aq^^ and S = Aq^^ 
with residues —1 and +1, respectively, we conclude that cq = 1 + o(t) as t — > 0. Now, taking S = Pq, 
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and evaluating W^'^ at Pq with respect to the local parameter \/X — Xq similarly to (|3.8p . we arrive 
at iHKM . 

The asymptotics (|R27ll easily follows from (IRM since the integral jp{f{R) - Xo)Wd{R,Po) 
behaves as o(l) in our limit. □ 

We note that all the asymptotics computed in the above lemmas are symmetric under the inter- 
change of Aat and Aat-i. 

By the assumption of the induction, the constant C, we denote it by Cd-i-, in relation (jB.ip 
corresponding to the branch covering Xd-i is non- vanishing. One needs to prove the non- vanishing of 
the constant Cd corresponding to the covering Xd- 

Denote the function $ (j3.14p corresponding to the d-sheeted covering by and the function $ 
corresponding to the {d— l)-sheeted covering Xd-i by ^d-i- The columns of ^d given by the integrals 
over the contours li encircling oo^^\ and the contour 71,2 ('^) have, according to (|3.14p and (j3.16p . the 
form: 

= - / f{P)W{P,Pk) + X / W{P,Pu) , 



and 



k 

The contours li and 71,2 (A) are absent from the set of integration contours determining ^d-i- The 
rows corresponding to Pn-i and P/v are also missing in ^d-i- The 2x2 block on the intersection of 
these rows and columns in the matrix looks as follows: 



f{P)W{P, Pjv-i) + A J^^'l WiP, Pn-i) -2^i W{Pn-i, oo^^^] 
- IxS f{P)W{P, Pn) + X J^S W{P, Pn) -27ri W{Pn, oo^) ) 



B 



According to (IR2T1) . the {2N-2) x (2iV-2) minor in the matrix ^d obtained by deleting these two rows 
and two columns tends to ^d-i in our limit. Since all other entries of the two rows of ^d corresponding 
to Pn-1 and P^r, tend to as P/v — > Pq = P/v-i, we see that in this limit det — > det B det <I>rf_i. 



Now, due to Lemmas [5] and [6l in this limit 



/ o A-Ao ^/>'N-l 



-A, 



detB 



^Ajv_i-AAr 2 I _ J / Aat — Aat-i _ / Aat-i — Aat 

a-Aq ^Ajv-Ajv-1 I I y Aat-i - Aat V -^a^ - ^a^-i 



(A-Ao) = ±2i(A-Ao 



2 



where Aq = /(Po); therefore, Cd = ±2iCd-i, i.e., Cd-i 7^ implies 7^ 0. □ 



B.4 Completeness for an arbitrary number of poles of arbitrary multiplicities 

Here we prove that the set of solutions (j3.17p . (j3.14p is complete for any Hurwitz space Hg^d{ki, ■ ■ ■ , k^)- 
The proof will again be inductive. Namely, we are going to consider an element of the space 
Hg^d{ki, . . . , km) as a limit of elements of the space Hg^diX-, •••)!)• Speaking in terms of meromorphic 
functions, we consider the limit when some poles of the meromorohic function merge (and unavoidably 
they also merge with some critical points due to the Riemann-Hurwitz formula). 

This is a partial case of the idea proposed by Harris and Mumford ^25j who introduced the so- 
called spaces of admissible coverings which provide a natural compactification of Hurwitz spaces. The 
boundary components of the Hurwitz space are obtained by merging a subset of simple branch points 
to get a branch point of an arbitrary branching type. 
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If our Riemann surface is represented as a branched covering, this procedure is equivalent to 
sending some of the finite branch points to infinity and considering the covering obtained in the Umit. 

For simphcity consider the space Hg dik + 1, 1, . . . , 1) (the number of I's is equal to d — /c — 1; we 
denote the multiple infinity by co*^^)). Any branched covering Xk+i from this space can be obtained 
as a limit of branched coverings from the space Hg dik, 1, . . . ,1) (where the number of I's is equal 
to d — k, and the multiple infinity is also denoted by cx)^^-*) when a finite branch point (say, Ai) on 
Xk tends to oo. The non-branched point over A = oo which merges with oo^^^ in this limit will be 
denoted by oo^^^. The point Ai should be chosen such that the monodromy group of the covering X^ 
turns in the limit into the monodromy group of the covering Xk+i- This requirement implies that the 
product of permutations corresponding to A = Ai and A = oo on coincides with the permutation 
corresponding to A = oo on X^+i: cr^^V^^ = a^^^\ 

We show this limit schematically in Figl20[ Let us emphasize that in this limit the Riemann surface 
does not degenerate, i.e., no double point is formed; thus the analysis of the behavior of all ingredients 
of the solution to the Fuchsian system becomes less complicated. 

Let us now consider the behavior of all objects entering the solution associated to Xk in the limit 
Ai — > oo. 

To study this limit one needs to introduce a local coordinate on Xk in a neighbourhood containing 
three points of interest: Pi, branched infinity oo*^^\ and the simple infinity oo^^^. Such local parameter 
should remain regular in the limit Ai — > oo. Clearly, neither the standard local coordinate -y/ f{P) — Ai 
in a neighbourhood of Pi nor the standard local coordinates f{P)~^/^ in a neighbourhood of oo^^^ are 
suitable for studing this limit. 




Figure 20: Uniformization of a neighbourhood containing points oo*-^-*, oo*^^-* and Pi by a domain in 
the 7-plane. The limit Ai ^ oo corresponds to 6 ^ 0; in this limit the points oo^^\ oo^^^ and Pi 
merge together. 



Instead we consider on Xj. the local coordinate 7(P) (see Fig l20p related to the function / as 
follows: 



f{P) 



k + l 



k 



(B.29) 
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for some 6 G C. In a neighbourhood of the points Pi, oo^^^ and oo^^^ we introduce a local holomorphic 
parameter 7(-P) in such a way that the family of coverings is locally (in a neighbourhood of Pi, oo*^^-*, 
00(2)) given by /i(/(P), 7(P)) = with h{f,^) = f^^^"^ /{k + \) — fh^'^ /k — 1 and some suitably chosen 
6 G C. The ramification of the curves h{f,'j) = projected to the A-sphere occurs at the points where 
hUf,j) = fj''-Hl-b) = 0, i.e.. 



(7-6). 



Thus the function 7(7) (|B.29P has two critical points: the point of multiplicity 1 at 7 = 6 and the 
point of multiplicity — 1 at 7 = 0. The critical value at 7 = 6 is assumed to coincide with Ai (i.e. 
the 7-coordinate of Pi equals b), which implies 

A. . , ,B,30) 

The critical value at 7 = is 00 (thus 7 = is the 7-coordinate of 00^^^). 

The point cx)^^^ corresponds to the simple pole of the function (|B.29p . which is given by 

7 = 6^. (B.31) 

In the limit Ai ^ 00 (i.e., 6 — > 0) the points oo^'^\ oo^"^^ and Pi merge. The local parameter 7 
tends (up to a constant factor) to the standard local parameter /(P)~^/('^'+i) on the Riemann surface 

7 ^ (A; + (B.32) 

as 6 — > 0. 

To study the limit Ai — > 00 of our solution of the Fuchsian system we need to study the asymptotics 
of W{P, Pi), W{P, co*-^-*) and Ty(Pi, co*-^-*) in the limit. For that purpose one needs to relate the values 
of the bidifferential W calculated in the standard local parameters at oo^^^ oo^^^ and Pi to the values 
of W calculated in the local parameter 7. 

As 7 ^ 6 (i.e., P ^ Ai) we have the following link between the local parameter 7 — 6 and the 
distinguished local parameter \/ /(7) — Ai: 

'^f^^^^ = {-\) - + Oil - b)) . (B.33) 
The Jacobian between 7 and the local parameter 1// at the point oo^^) has the form: 



d{l/f) _ .-i,„ _{k + l) 



d'-f 



d(2) 



fc-1 



The Jacobian between 7 and the local parameter fiP^I^ at cxd(^) we are not going to use. 

Remark 7 Suppose we have a one-parametric family of Riemann surfaces £* such that in the limit 
t ^ the Riemann surface remains non-degenerate. Suppose, moreover, that the coordinate maps 
ip\ defining the Riemann surface £* holomorphically depend on t and in the limit t — > give the 
coordinate maps of the Riemann surface £ := L^^^ . Suppose also that on each Riemann surface £* 
we choose two points P* and such that the family of points P* converges to P S £ and the family 
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of points Q* converges to Q G C. This convergence is understood in the fohowing sense: the images of 
the points P* under a corresponding coordinate map (p\ converge to the image of the point P under 
the coordinate map ipi := (p^^^, i.e., ip\{P*) — > ipi{P) as t 0. The same appHes to the family 
with corresponding coordinate map (denoted by ip2 below). 

Under these assumptions we have the convergency of the bidiffer entails: VF*(P*,(5*) W{P,Q); 
this convergency is understood in the following sense: 

W\P',Q') W{P,Q) ^^^^^ 



In our context the role of the parameter t is played by the parameter b related to Ai by ()B.30p . 
The coordinate map on in a neighborhood containing all three points oo*-^-*, oo^'^^ and Pi is given 
by 7(A) which in the limit 6^0 turns into the local parameter ()B.32p around the point oo^^) on Xk+i- 

As 6 — > 0, the bidifferential Wk{P, Q) on Xk tends (in the sense described above) to the bidifferential 
Wk+i{P,Q) on A-fc+i. 

Taking this remark into account, we formulate 

Lemma 7 The following asymptotics hold as Ai ^ oo.- 

Wk{P, Pi) = ciX;^'Wk+i{P, oo«)(l + 0(1)) ; (B.36) 

k 

M^fc(P,oo(2)) = c2ApT^fc+i(P,oo(i))(l + o(l)) , (B.37) 

and 

^fc(oo(2),Pi) =c3AJ/'(1 + o(1)) (B.38) 

where P G A"^. is a point such that A := /(P) is independent o/Ai; ci, C2 and C3 are constants; the 
point cxd(^) on X^^i is an infinite point with branching of order k which appears as a result of merging 
of the points 00^^^ and oo^"^^ on X^. 

Proof. Consider ()B.36p . We have 

WkiP,P,):=^^dm= /^(Q) . (B.39) 

dyJf{Q) - Ai Q=Pi d^{Q) Q=P,d^f{Q)-^ " " 



Q=Pi 



Prom ()B.33P we get: 



dl{P) 



dy/f{P) - Al 



1\-V2 5{fc+3)/2 



p=Pi \ 2J k{k + l 



To express this formula in terms of Ai we use ()B.30p . which gives 

Al 



(B.40) 



(B.41) 



To find the asymptotics of the first multiplier in the right hand side of ()B.39P we recall that the 
coordinate 7 behaves in a regular way (see (IB.32P ) in the limit Ai — > 00; therefore (see discussion 
before the lemma) 



d-i{Q) Q=p, ' ' d{f{Q)-'/('^+^)) 
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ik + ^y^''^'>^7i^^^^i<^ . = (A; + l)V('=+i)Ty,+i(P,oo«). (B.42) 



Combining (jB.40p with (|B.42p we come to ()B.36p . where the constant ci is given by 

fc+3 1-fc 



1 /o 1 r^-r^i -L — ft. 



Consider (lR37ll . We have 



WkiP,oo 



(2)a ._ 



Wk{P,Q) 



■ d{l/f{Q)) 



Wk{P,Q) 



3(2) 



dj{Q) 



dl{Q) 



3(2)d(l//(Q)) 



Q=oo(2) 



The first multipher, in analogy to ()B.42p . behaves in the Umit 6 ^ as follows: 



Wk{P,Q) 



dliQ) 



3(2) 



(A; + l)l/{m)W^,+,(P,OoW) . 



(B.43) 



The second multiplier can be easily computed since from (IB.29P and (|B.31h 



d{l/f) 



{k + 1 



y=b{k+l)/k 



P=oo{2) 

which, taking into account the link ()B.30p between b and Ai, leads to ()B.37p with 

C2 = (-l)fcTT(A; + ly'^k'^ . 
Consider (IB.38p . In the left hand side we have 

Wk{P,Q) 



(B.44) 



Furthermore, 

Wk{P,Q) 



dj{P) dj{Q) 



dj{P)djiQ) 



P=P^ ,Q=oo(2) 



d{l/f{P))d^f{Q) - Ai 
f dj 



P=oo(2), Q=Pi 
/ d^ 



p=Pi ,Q=oo(2) \ d{l/f ) -i=b{k+i)/k / \ d^Jf - Ai 



7=b 



(B.45) 



1 



fc2 



(i7(i^ 7=fe , M=t'(fc+i)A. (6(A: + 1)/A; - 6)2 + ^^^^ 52+^(1) 



as 6 ^ 0. 

Substituting (fRiHI) . (|R44]) and (iRiO]) into (lR45]) we come to (jRMI) with 



C3 



V2 



k 



k + l 



k+l/2 



(B.46) 



(B.47) 



□ 



Now we are in a position to prove that the determinant of the solution (j3.17p . (j3.14p corresponding 
to the covering Xk (we shall denote this solution by does not vanish identically. The proof is by 
induction. The base case of the induction is proved in Section IB. 31 the determinant of the solution to 
the Fuchsian system which corresponds to a branch covering with no branching at infinity does not 
identially vanish. It remains to prove the following 

Lemma 8 Suppose that det<I>A; ^ 0. Then det<I>fc+i ^ 0. 
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Proof. Since det^^fc ^ then 

JV 

det$fc(A) = Cn(A-A„)i/2^ 

n=l 

where C / is a constant. Let us now relate det$fc(A) to det<I>fc+i(A). 

Recall that the closed contours around the points cxd(^) and oo*-^-* on Ck are denoted by li and I2, 
respectively. The contour I = li + I2 in the limit Ai — > co encircles the point 00^^^ (the infinite branch 
point of order k). The solution <^fc(A) is built using the basis in the group Hi{Ck \ f~^{oo) ; /~^(A)) 
defined by ()3.1ip . (I3.12|) . ()3.13p . Let us consider another solution of the same Riemann-Hilbert 
problem, which we denote by ^fc(A). The solution $fc(A) is obtained from $fc(A) by adding the column 
corresponding to the integration contour I2 to the column of $fc(A) corresponding to the contour li. 
Moreover, the column correponding to the contour I2 is kept unchanged and is made the first column 
in the matrix <I>fc(A). Obviously, 

N 

(A - Ai)-^/2detl>fc(A) = Cll{X- A„)i/2, (B.48) 

n=2 

where the constant C = itC 

In the limit Ai ^ 00 the (A'^ — 1) x (N — 1) minor of the matrix '&fc(A) not containing the first 
column and the first row tends to the matrix $fc+i(A). The (ll)-entry of the matrix ^k{X) behaves 
as , according to ()B.38p . All other entries of the first row of $fc(A) behave according to ()B.36P 

fc+3 

as const x A^ ^''^'^ (where the Ai-independent constant is different for different entries). On the other 

k 

hand, all entries of the first column of <I>fc(A) behave according to (|B.37p as const x A^"*"^ , where again 

the Ai-independent constants are different for the different entries. 

1/2 

Let us divide now the first column of the matrix <I>fc by A^ . Then we have, as Ai 00, 



det$fc(A) = Xl' det 



i/2^.J C3 + o(l) C2A7-+^"^(1 + o(1)) 
ciAp^(l + o(l)) $fc+i(l + o(l)) 



where ci is a column- vector of length — 1 constant with respect to Ai; C2 is a row- vector of length 
A^ — 1 constant with respect to Ai . Since 

k+3 1 k+2 k 

+ = 7 > 



2k + 2 2 k + 1 k + 1' 
we have in the limit Ai ^ 00 that 

(A - Ai)-^/2^et$fc(A) ^ C3 det$fc+i(A) , 

where C3 is a non- vanishing constant independent of A and all An given by (|B.47p . Due to ()B.48p we 

get 

N 

det$fc+i(A) = Col[{X- A„)i/2, (B.49) 

n=2 

where Co is another non- vanishing constant. □ 

This finishes the proof of completeness of the set of solutions (|3.14p for an arbitrary covering with 
one branched infinity. The proof of completeness for an arbitrary branching at infinity (i.e., for the 
case of an arbitrary Hurwitz space Ti-g^diki, . . . , k^) is an obvious generalization of the above proof for 

ng,d{k,i,...,i). 
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